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CHAPTER
BRAUER CHARACTERS



§15. p-MODULAR SYSTEMS

DesM: Lef pPE€ P

(@) A IS a friP\e oF rings s.b.
w Oisa comPleh. discrete vqlumlion Nhg, of c‘lanacl'w'.sh'c 2ero
@ F= Frac(0) (chan(F) =0, bvo)
3) k= 0(/9(0’) is st c\nar(h)=‘> ( the oF o )
6) If both F and k are splilfing f}elds for 6, then (FOk) is
 called a

ASSUW)Ph'OV) @'- From now o We assume Hla.i' a P-moo‘ular sash',m
(F,O,R) is given and is s.b.

F contums an exp(6)-th rool of un&l‘ﬂ.

Set #:= 30).

Bm (Fork) iy splling for 6 2 all s subgou




- (B, Z,, I;) i3 a P-modu]nr sasl‘em
- @ is sai‘isf-ied if we aaljo;m dn Qcp(ﬁ)-l'k roo{'o[% to ZP

The Sih&ﬂ:ﬁﬂh IS @F i ZP @ar H:;

MO 4

S L TN \,
F— 0@ = k

\%/exhnd to ring homomorphusms
FG < 66 = k@

FG-MOJ f%- 06-lat bq,) kG-mod
F@aL — L — Ig@al_

and 5ef fu\nc’brs

( alwags Possible 1)



FG-W\OJ f@a- 06-lat b%> kG- mod
F@eL <— L +—— k@gl

( always Possible 1)

The other way around :

Der™: A kb-module M is called
it 3an Oa-lalfice M st. keg

&\ This is rare | But:

14

M.

—-H_Hf (@) ?rojechvg RG - modules are |iftable.
B p-permutution k- wodules are liffable

(c) LL.-Thévenaz,'H] RG-modules Whose k- %damarpho'sm rinj
. isa P- penmufa.ﬁon W\OJMh. are llﬂ‘aue .




COV\SCQ“QV’CG'- If M is a P-Fenmufaﬁon kG-mOdukL, Hen i,'aﬁorok
an :F--c|nan N

M ~a~w>s M . > %n = F- Chﬂﬂ&d‘ero{'
wlhch is :F®(9'ﬁ
agam..

p-pmw}aﬁon

REM: These ordinary chwackus %y contain a lof of informafion about
— the P -pAawmu ulion le6-modu|es!



§/16 -~ BRAWER CHARACTERS

Recall: k- d\anachns are wol ﬂood ! E_ﬂ_ W=Fho ek (PM hm%)

=  k-chaacton of W= J’nwal
k- chanacten

—> need fo replace them with different Funcfmms

in order l‘o oblain a goool chanacker theory' for RG-wmodufes -
the “Brauer charactens’

Note: (9 2% 0/4; induces a‘adé&“’m [g;fr.:wh} a2 {a l‘h,:ozh}

where  a:= Pem. ( o(g) | g€ GP‘> .

DIAGONALISATION LEMMA: Tf Me mod(kE) and p,: G —>GL(M) is the assoc.
k-vepres. then Vge G, Ja k-basis Bof M st.
©,
[ﬂﬂ)]g 2[ “‘-cg ] with n::obvv\hH and the %% are o(9)- th reofs of 1.




Des": -

Let Mecmod(k6)  Set n:=dim, M

The by M s the

Funcﬁo\n ‘-fH: GP‘ —> ’\F = Fm,c,(e')
9 ~ g,ff i +@n

where the & are as m the DL .

- (Pﬂ iS JF M i SimP{Q.
. I3, (6) = { irred Rwer, charecting af 6% .

- vq,

Jued



Back to reduction modulo A

LeM:  Let Ve med (F6) with - chwnacter %, : G—F, qrsTr () |

Then : (@) 3 an 06- laffice | s.t. vz Fey L ('L is an (Y-anaFV)
@ %Xy l G = LPko,L. (Mthe reduction hnoduloflof %,)

(3) I]C V6 Irr(FG) then Blwféﬂms d%v“P 20 S.L‘»
Mo, =Z. ity

| 9eI8(6)

45 :Dec (6) := (0'%‘?>%enr{6%

C‘I,Wh (6
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Assume - /\ € {F,O’,k} .~ G,H are Fmif‘e groups .

OBserve: If M isa (A6, AH) - bimodule ] then M can be seen
aS a |eﬂ' A[GxH]-Module via
L (ﬂph) m := 3MV|' Y 366,Vh6H,VMEH.




§ B P-BLOCKS

* AG has a uwque decomposition  AG= B,@ @R,

into ’mc|ecomposaue (AG,AG)-subbimoJules.
These are called He .

* Decomposing 1p5= €5t -+,
o o
Bo B'L

we have e,=4g. and B = AGe, V osish where each ¢ s a

Pri\mi"ive idevnpghmf’ in Z(AG) and 9¢9J=§;J' Vosi.\')sn.

Each mdecomPosuu& AG-module can be assigmed bo a block:
M=A1x ™ =¢e,M60 - ®e,M
=> 30£st S\t. {eg :H
(

=0 ifj+i
> We say that



is the block of AG cohi‘aimhg the the
trivial module A.  Nora:

BLockS oF FG 7

FG i< semisimple => the block olewm,ooshlzbn o FG Is given by
the  Artin- Wedderbun thm

S, the books are wrix algebras and can be labeled by
Tre(FG) .




BLOCKS OF G’G and hG7

The Iifhnj—oﬁidempo/wh thm 1'6”5 us that OG —»> k4 induces a

biyection A Ve v
) pr ~ Privm 0
|J€Vll T 1 | | |
ior o } | o golods
Y| e

?

\

= Ja bnazchow befiveen the blocks of 06 and the blocks of kG
oG = B®-- @B,
a

ka = Be--®B.  (wh B =Kz )

Now: A is  the specification ofa block of@‘&,or
of the corresPohdihg block of Eg*l[’

NOTA : /




A of o p-block BeBlm) is
a verl-ex of B seen as a leH' O'LGx6]-module

(Or equiv. o verbex of B as a loft h[GxGJ—mwlule)



A ofa, P—“ock Be¥, (%) i
a verl-ex of B seen as a leH" O'LGx6]-module

(Or equv. a verkex d B as a loft k[6x6]- module )

PROPERTIES :

D) Ibefec{‘ groups f-orm A Conjugacy class OF P-Sukgroups Of‘ G




A of o p-block BeBh(cx)

a

verex of B seen as a left OLGx6]-module .

(Or equv. a verkex d B as a loft k[6x6]- module )

PROPERTIES :

@

[f])isad

D) :Defec{‘ groups f-orm A Conjugacy class OF P-Sukgroups Of‘ G

efech group of Be BA(kG) , then any indec

kG-module Lelov\giha o B is :D—Proazd‘ive_, hewce has

a Ver’rex Covd‘ained in D.



A of o p-block BeB ()
a verl—ex o[; B seen as a leH' O'LGx6]-module

(Or equav. a vertex af B as a loft h[éxGJ—moolule)

PROPERTIES :

D) :Defec{‘ groups f-orm A Conjugacy class of» P-Sukgroups "f‘ G

@ If D is a defect qroup of Be BEL(kG) , then any indec
kG-module Lelomgiq\auﬁ‘o B is P:D— Proazd‘ive,, \n%,hce has

a vertex contained in D.

(3) @) => the defed' groups a[' Bo(k@ are Preaaelﬂ SﬁlP(G)'




Der™:  Let Hs G and let beBgP(kH).

A p-uook Be RL.(kE)

i<=> b Bl,::i M b is the uwiqu& blok o{» kG with
Has Pmpﬁnfn.

Nota: B-= bG
If Su.Js aL\ock exis"s , We Say Hna,'l'

THM: [ Braunm's cOrreoPohclev\ce,J

L._e1- :DfGIDP,O.P-SILberwP ah(l Ief H<sG st H> Ng(D)
Then I @ \)i‘iecfﬁon

?k‘qokso-f kH \vaﬂ\g NN {:\Qolis-o-i kH waHn%
defect group D Go.fec group D

b +—— b

q—Droo{:: This is Jus\’ a parficulan case of Hae Grean Conaoponalemce',
#




§43. EQUIVALENCES OF BLOCK ALGERRAS

BasiIC QuesTioN :  (Open )
L lelck k-a|gebras occw - as P-Hocs o[ F"wilre 3row‘>sq.

CongECTURAL ANSWER . If e de{ed' group P o Fixeﬂl onlj Fm{’db many ...
u,? ](o a good mol’iow oF ea[w;valeuce. Mme accmafe@:

"DoNovAN'S (?u,\G'S) ConJECTURE ['?0‘5 / ‘80‘5] et P ke a P~ group.

There ang onl fiM\’e\ mam He sﬁev»dkc\ Morita wvalence clanes ,Cor - blocks
of fimte ﬂrowgs with 34“’_ gmﬁwmorfnlﬂc fo P. 5 i

“Dovovan’ holds for - a (fairly \mj) Jist of “small” P's

\?M)ﬁ’ ho\ds ‘:0(' : ?‘9—' CP"’ (C'jtlﬂb) ) ?g CZXCZ (F=Z> https://wiki.manchester.ac.uk/blocks/index.php




Lot Be BO,(R8), let Ce Bl (RH) with Refok)

DerF": Band C ace ifF
I mod(B) and med(C) are eqwbvw/eh{' as (R-linean) cahyoriao.

Moe\TA'S THH: T FAE :

(4) B ~vC

(2) 3o (BC)-bimodule M and a (CB)-bimodule N st
MO.NZ= B as (BB)-bimodule
N@M=Z=ZC as (CO)-bimodule.

(Note: Nn=M")




Der™: TFucthermore, if BayC via o (B,C)-bimodule M, then
the Morita ¢ wvalence is called :

K QA (ora, )
|ﬂ"- M viewed as a RLGxH]- module is a
P-Pemmu.ll‘a.hon module . NotA: By, C

% Oh (ora

) iff M seen has ke [6xH]-modk
has a sowce T st. Endp(T) is a Pmmui’a,ﬁom module.

I NoTA: B~ C

NOTE :

Defect groups are presenved b splendid Morite equivalences
and by ehdo—PmmuJ:‘a,ﬁon souncjb Morita eqw'.valence,

NOT by Morito eqmvalﬂmce .'.|



There ane wany vamation [ other bypta of equivalencer relevant fo blck  heory

Ea.: % sfale epiv. of Horfa fyce - equiv. of the stable module cafegpries
J x Ruka/\deqequ;valmea: gﬁv ofeq’rke dovwed  cafeqories K
P SFMMM Fackand eqaiva,/ehcea/ P peomui“ah'm eqw;va,lewan Civw by i‘eusorinj with }

complextn of p- peomin

R[6xH] - modules .



@ . T SOMorPhic Uooks as k- ajaebms are Mori“a, eqw;v“,enl(_.

. Blocks with a common a/l’.;[eNL grocp D, isomorphic as interior

D-alydbas  are SPIEMCt:dlg Morita a]m'm/eh .
@ In pwd' cular : Ihﬂal‘iov\ {-rom G/OF.(.G) fo G giela‘s
B,(RG) ~vey B,(I6/0y(6)])
(o0 O () a'Wajs ach f?il/z‘a//g on The pn'na;f)a/ block )

@ ° Fong- Roqwolds’ - Lok He G, be BG(RH) Ti=Sab, (b))
thew E‘Lgadﬁan BQP(TIBB) —> igp(é | b)

alnd H== 48" b€-4g reulises | SP’QMUD{ Horifa ez/w':/a/eua_
betwen B and &




@ \FO“S'S 2nd "&dwhow/ is an endo- Pmmuj‘ahoh sowce Mori*a
eqmvalehce.



SPLENDID HOR\TA
EQUWVALENCE

Y

E NDo- PERMUTATION
SOURCE. EQUAVALENCE

ll

\%

MoRITA
EQWVALENCE

ﬂ

\

In DED:  iwvolve (P -> Pewm’ro\’ﬁm wodules




SPLENDID HORITA @
EQUVALENCE

AN
E NDO- PERMUTATION y

SOURCE. EQUAVALENCE

I SPLENDID RICKARD | 43
\ EQUIVALENCE

MoRITA

EauvALENce |© /
| /

\

DERIVED (RICkARD) 8
EQUIVALENEE

In RED: iv\volve (P -> Pemujro\’\‘im malu'es

& Daived cuf’ego»rU vensions of @) and @):
replace molu b by Lom‘olexeo_




SPLENDID HORITA
EQUVALENCE

Y

E NDo- PERMUTATION
SOURCE. EQUAVALENCE

ﬂ

\V4
MoRITA

\

DERIVED (RICkARD)
EQUVALENEE

\

STABLE EQUVALENCE
OF MOR|TA TYFE

\

SPLENDID RICKARD
EQUIVALENCE

EQWVALENCE / \\\/
" |24 P~ PERMUTATION

EQUIVALENCE

In RED: iv\volve (P -> Eﬂ\mujmhm malu,es

5] Moo[i[:g :BEFMO'[ 2 Morila E-qtu'v. ;
MEN = A ®fproj)  N&M=B(po;)




Use of intrafe dheorefical -
angumeu*s 1M Croasesd

b combingforial

MM mereag)

ol
um

)

Foss
ot

<

SPLENDID HOR\TA
EQUWVALENCE

E.NDO-PERMUTATION
SOURCE. EQUAVALENCE

ll

=\

SPLENDID RICKARD

\% EQWVALENCE
Mos\allm \\
EQWVALENCE
| N
P- PERMLTATION
\% Lz EQWVALENCE
DERIVED (RICkARD)
EQWVALENELE
Y
STABLE EQWVALENCE
OF MOR|TA TYFE
In PED: iwyolve (P -> Pewu’ro\’ﬁm wodules



SPLENDID HOR\TA
EQUWVALENCE

Y

E.NDO-PERMUTATION
SOURCE. EQUAVALENCE

ll

\%

'\!" EQUVALENCE

MoRITA

C(® (bur 13)

OERIVED (RICKARD)
EQWVALENEE

HH @ ol
%E%ﬁ%’”

3
dam, 28 = I (B)]

In PED:

/ X/
\ﬂ/ L P- PERHUTATION

s m/mu e

\\\/ v\wm\oQAS

SPLENDID RICKARD
EQUIVALENCE

EQUIVALENCE

WA

&/ lf;ﬁ IIrrF(B)', | Tre(b8)Y)

STABLE EQUVALENCE
OF MOR|TA TYFE

s | I (BY] = [ Trr(B)|

nvolve (P -> Pemu{'u’ﬁm wodules

\0.



Many open problams i wodilo wprestwbation thaory  aw  concowed with the influmce of #e Structue
of the JLFQJ’gmapg on to structun of Ha block . Ly

Brauen's &(B)- v Jec’rwm

Lur Be By (RE) with dofech qroup D, Thew #Twe(B) < IDI

Broué's a.beb'am defed‘ 3(0“? COML\QCI'W\L
Let Be MPUJJ) be a block wilh an  abeliaw allfea}' qroup . Then B and ils Braus, Corvﬂo)xwdani’
in Ng(D) ae douved (Bickad) equiva/ed’ ;




