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§15 . p- MODULAR SYSTEMS

DEFN : Let pep .

(a) A p
- modular system is a triple of rings ( F

,
O
,
k) sit

.
:

H O is a complete discrete valuation ring of characteristic zero
(2) F- Fraclo) ( chartF) = 0 ,

too )

(3) k = 0/210) is s.t. charm=p ( the residue field of 0)
(b) If both F and K are splitting fields for G , then 4,0, b) is

called a splitting p - modular system for G.

Assumption ④ : room now on we assume that a p-modular system
(F,O, k) is given and is sit .

F contains an exp(G) - the root of unity .
Set 11 := 2101 .

¥9 459k) is splitting for G & all its subgroups



EXAMPLE : • ( Qp , Ip , Fp ) is a p - modular system
• ④ is satisfied if we adjoin an exp (G)- th root of 1 to Ip

-

he situation is QpÉ Zp# Fp

fan Jean Jean
F- É O ← to

§ extend to ring homomorphisms
FGE OG← KG

and get functors bio-
FG- mod É OG- Iat → KG -mod

F④oL ←I L 1-> be④•
L

t
' reduction modulo p

'

( always possible ! )



FG- mod É OG- Iat ¥ KG -mod

F④oL ←i L 1-> be④O
L

t
' reduction modulo p

'

( always possible ! )

The other way around :

DEFN : A KG-module M is called liftable ( too , to characteristic 0)
if 7 an OG - lattice Ñ s.li . k④oÑ± M .

This is rare ! But :

THM : (a) Projective KG - modules are liftable .

4) p- permutation KG - modules are liftable .

(c) [ L . - Thévenaz ,
' 17] KG-modules whose K- endomorphism ring

is a p- permutation module are liftable .



Consequence : f- M is a p - permutation KG -module , then it affords
an F- character :

M rn> Ñ
unique lift

→ ✗
M
÷ F- character of

which is F④oÑ
again
p -permutation

REM : These ordinary characters Xm contain a lot of information about
the p - permutation KG- modules !



§16 .

BRAUER CHARACTERS

Recall : - characters are not good ! E. g. : W :=k④ . . -④ be (pit times)
> k- character of W = trivial

b-character

→ need to replace them with different functions
in order to obtain a "good character theory

"

for KG- modules :

the 'Brauer characters'
.

Sa- th roots} {a- throatsNote : 0¥> Ofp=k induces a bijection [ off inF of link }
§ → g

where a := l.cm . ( 0cg) / g c- Gpi) .

DIAGONALISAT ION LEMMA : If M c-Mod (RG ) and pm : G.→GL (M) is the assoc .

b- repress . , then ttge Gpi 7 a k- basis B of M s.t.

④9)], =[
%
:<

gn ] with n :-.dimply and the bi 's are ocg) - th roots of1 .



DEEN : • Let MemodlkG)
.

Set n : = dim
,
M

.

The Brauer character afforded by M is the F- valued
function 4m : Gp, → F = Frac (O)

g ↳ Bit - . . +Bn
where the bi are as in the DL .

• 9m is irreducible if M is simple .
• IBrp (G) =:{ irred . Brauer characters of G} .



Back to reduction modulop :
LEM : et VEMODIFG) with F- character Xv :G→F,gi→Tr(pig)) .
Then : 4) Fan 06 - lattice Lst . V±F④oL ('Lisan O- formofv)

(2) Xv / Gp, =4k④oL (' the reduction moduloyyofxi)

(3) If VEIRRCFG) , then ]- integers dxuyzos.li .

%|Gpi=¥Ip(G) dat

* Deep /G) :=( drop)xeIr¥G)
4tIrrp(G)

is the
p-decomposition matrix ofG

* C :=Cp(G) :=DecpÑ.Decp(G)
is the Cartan matrix of G
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Assume : De { F
,
O
,
k} ; G. H are finite groups .

BSERVE : f- M is a (AG , NH) - bimodule , then M can be seen
as a left D[G×H] - module via

1g ,h) . mi-g.m.li
'

V-gc-G.thc-H.fmEM .



§ 17 . p-BLOCKS

3. LOCKS OF AG :

* DG has a unique decomposition 156=130+0 . - •④ Bn
into indecomposable (AG , AG) - subbimodules .

These are called the blocks of AG .

* Decomposing 1na= eot . . . ten
in a

Bo - - - Bn
we have ei=1B;

and Bi= AGE; Hotien ,
where each ei is a

primitive idempotent in 2-(AG ) and eiej-sijtosiij.sn .

BELONGING TO A BLOCK :

Each indecomposable AG - module can be assigned to a block :
M = 1dg . M = eo.tl -10 - - -⑦ en. M

=> Josie ns.t . {eiM=MejM = 0 ifjti
m> We say that M belongs to the block Bi .



THE PRINCIPAL BLOCK : is the block of AG containing the the
trivial module A. NOTA : Bo (AG) .

BLOCKS OF FG ?

- G is semisimple ⇒ the block decomposition of FG is given by
the Artin- Wedderburn thin

.

So
,
the blocks are matrix algebras and can be labelled by
Irr ( FG) .



<
[

BLOCKS OF OG and KG ?

The lifting-of- idempotent thin tells us that OG ->> KG induces a

bijection primitive primitive{ idempotent} <
~

> { idempotent}of ZCOG) of ZLKG)
e -> e-

> 7 a bijection between the blocks of OG and the blocks of KG
OG = Bo -01 - - - - ⑦ Bn

canI[
KG = Bot - - - - ⑦ In (with B-i=kGé;)

Now : A p - block of G is the specification of a block of OG , or
of the corresponding block of KG .

NOTA : BlplkG) = { p- block of KG} / Bbp (OG) = { p- blocks of 06}



DEFECT GROUPS : A defect group of a p-block B c- Blp(OG ) is
a vertex of B seen as a left OCGXG] -module .

( or equiv . a vertex of B- as a left k[G✗G]-module .
)



DEFECT GROUPS : A defect group of a p-block B c- Blp(Oa ) is
a vertex of B seen as a left OCGXG] -module .

( or equiv . a vertex of B- as a left k[G✗G]-module .
)

TROPERTIES :

(1) Defect groups form a conjugacy class of p-subgroups of G



DEFECT GROUPS : A defect group of a p-block B c- Blp(Oa )
a vertex of B seen as a left 016×6] -module .

( or equiv . a vertex of B- as a left k[G✗G]-module .
)

TROPERTIES :

(1) Defect groups form a conjugacy class of p-subgroups of G
(2) If D is a defeat group of B c- BlplkG) , then any indec

.

KG-module belonging to B is D- projective , hence has
a vertex contained in D.



DEFECT GROUPS : A defect group of a p-block B c- Blp(Oa )
a vertex of B seen as a left 016×6] -module .

( or equiv . a vertex of B- as a left k[G✗G]-module .
)

TROPERTIES :

(1) Defect groups form a conjugacy class of p-subgroups of G
② If D is a defeat group of B c- BlplkG) , then any indec

.

KG-module belonging to B is D- projective , hence has
a vertex contained in D.

(3) ⑦⇒ the defect groups of BockG) are precisely Sylp (G) .



DEEN : Let He G and let beBlplktl) .

A p - block Be Blp (RG) corresponds to b
:< => b / Bt%¥, and b is the unique block of KG with

this property .

NOTA : 3 = bG

If such ablock exists , we say that BG is defined .

THM : [ Brauer's correspondence]

Let DEG be a p- subgroup and let HSG s.t.tl > NalD) .

(Then 3- a bijection
blacks of KH with}blocks of KH with} < > { defect groupD{ defect groupD

b i→ bG

Proof : his is just a particular case of the Green correspondence !
#



https://wiki.manchester.ac.uk/blocks/index.php

§ 18 .
EQUIVALENCES OF BLOCK ALGEBRAS

2ÉQUETN : ( Open )

( Which K - algebras occur as p
- blocs of finite groups

?

CONJECTURAL ANSWER : If a defect group P is fixed only finitely many . . .

-

up to a good notion of equivalence .

More accurately :

DONOVANISCPuioislCONT.EC/-URE-: [ '70's / '80's] Let P be a p
- group .

There are only finitely many possible splendid Morita equivalence classes for p - blocks(of finite groups with defect group isomorphic to P .

'

Donovan' holds for : a ( fairly long) list of
" small

"

P 's
.

> Wiki site by Charles Eaton :
'

Puig
"
holds for : PE Cpn ( cyclic) , PE Czxcz ( p=2)



Let Be Blp ( RG) , let CE Blp (Rtl) with Re {Qk)

DEFN : B and C are Morita equivalent (written B~mC ) iff
mod (B) and mod (c) are equivalent as CR- linear) categories .

ORITA'S THM : =AE :

(1) B ~mC
(2) 7 a ( B.c) - bimodule M and a (GB) - bimodule NS.t .

M ④on E B as (B.B) - bimodule

N ④
☐
MEC as (GC) - bimodule .

( OTE : N = Mv )



DEFN : Furthermore
, if B~mC via a 43 ,c) - bimodule M ,

then

the Morita equivalence is called :

* a splendid Morita equivalence (ora source-algebra equivalence)
iff M viewed as a k[GxH]- module is a

p
- permutation module . NOTA. B~smC

* an endo -permutation source Morita equivalence Cora
basic Morita equivalence) iff M seen has k[GxH]-module
has a source -1 sit . Enda(T) is a permutation module .

NOTA. B~EPsC

NOTE :

Defect groups are preserved by splendid Morita equivalences
and by endo -permutation source Morita equivalence .
NOT by Morita equivalence ! !



There are many variations /other types of equivalences relevant to block theory :
-

E.g. :* stable equiv . of Morita type : equiv . of the stable module categories
* Rickard equivalences : equiv . of the derived categories
* splendid Rickard equivalences / p- permutation evidences:(:[!¥-91.io?L,e;it.hcomplexes of p - perinatal

h



EXAMPLES :

1 •

-

somorphia blocks ask- algebras are Morita equivalent.
• Blocks iwith a common defeatgroup D. isomorphic as interior

D- algebras are splendidly Morita equivalent.
1 '
-

n particular : Inflation from Glop, (G) to G yields

Bol KG ) ~smBo(k[Glop, (G)] )
( as 0plG) always acts trivially on the principal block )

2
'

Fong - Reynolds
"

et He G
,
be Blplkt) , F- Stabs (b) ,

then 1- bijection Blp (Tlb ) => Blp(G / b)
B ↳ BG

and Mi -- 1*-66.1, realises a splendid Morita equivalence
between Band B•

.



3
'

ng's 2nd reduction is an endo- permutation source Morita
equivalence .



SPLENDIDMORITAJEQUIVA.LINCE

⇐
END0-PERMUTASOURCE EQUIVALENCE

1
MORITAEQUNALEN
I

InRE involve (F) permutation modules

I



SPLENDID MORITAEQUNALEN②
⇐

ENDO-PERMUTATIONSOURCEEQUNALEN
,

I
sP¥¥¥¥L¥n¥É④

MORITAEQUNALEN ①✗Y L

DERlVEDlRlCKAR ④EQUIVALENCE

InRE involve (p) permutation modules

④ Derived category versions of ① and② :

replace mobiles by complexes .



SPLENDID MORITAEQUNALEN

AENDO-PERMUTATION

*

⇐
SOURCEEQUNALEN

SPLENDID RICKARDEQUNALEN
MORITAEQWNALEN

EQWNALENp- PERMUTATION

DERlVED(RlCKAREQUIVALENCE

sTABLEEQUNALEN ④OF MORITA TYPE

InRE involve (F) permutation modules

④ Modify DEFNof a Morita Equiv . :
MEN = A ④ lproj ) N④*M=-Btfproj)



^

SPLENDID MORITAEQUNALEN
±

µ÷¥¥¥
:$
§ ENDO-PERMUTATION

*

⇐

§ SOURCEEQUNALEN "
sP¥¥ux¥n¥§°

MORITAEQUNALEN
p- PERMUTATION

I. ¥ EQUNALEN
DERlVED(RlCKAREQUIVALENCE

itI STABLE EQUIVALENCEOFMOR1TATYP÷÷÷.§
3 InRE involve (F) permutation modules
§÷÷÷:



s¥É%%¥%¥É m> generalised
decomposition

µ numbers

IENDO-PERMUTATIONSOURCEEQUNALEN
µ SPLENDID RICKARDEQUNALEN

MORITA

§
' EQUNALEN µ((B) ,(DecplB)) µ p- PERMUTATIONEQUNALEN
DERNEDlRKkAR My DIB)EQUIVALENCE

HH*(B) AM

§
↳

IIRRFIBH , / IrrlbB)1
Iso. type
of 2-(B)

%A¥hEµo¥¥¥,¥ÉN

mslIrrflBH-IIrrlkBHdimpfZCB-IIrr.IN/InRED:-
involve (F) permutation modules

10
.



Many open problems in modular representation theory are concerned with the influence of the structure

of the defect groups on the structure of the block . E.g .

Brauer's blB) - conjecture
Let Be Blp ( RG) with defect group D. Then #Irr (B) £ IDI .

Broner's abelian defectgroup conjecture
Let Be Blplk6) be a block with an abelian defect group hen B and its Brauer correspondent
in NglD) are derived (Rickard) equivalent.


