Unless oHnO/rwise s)rn}eaj -.

%rowps are 1[ivuf‘e
ri\nas are assoc. with o 4

modules are ]Cihil-e'_tj ge\nera{éol Ie{-’r' modwlo,s

* XK XK XK

G IS @ SFOULP
R IS &h a,rkol‘raxy assSoC . rilnj Wi{'\'l a 4’ ana’
R° is the regwla.r module on R

w K s a Fl@ld with chan(X) aﬁloiﬁw%
k " with chw\(.k.)=:,>>o A~y PGP

and chan(k) | 16l
X A 1S a {:'milte- Jiﬂmehs'wha.l K- a‘ae\sm




MONDAY'S LECTURE

CHAPTER 1

REPRESENTATIONS OF FINITE GROWPS



§4  Livear Representations

:DEF'N: A is @ group homolmorplﬂ)sm
f: 6 — GL(V) = Auhc (V)
where V2 K" (heZ,,o) 1S o k-ved‘or Space .

Moreoven: x n is the

AT | roprioenfution i | cha(k)} 16l
| o chaalK)| 18] .
Note: choosi Vi
e G GL(V) ¢
V wields : TG ‘z I
IS G-—v\(K} ()

Heme: a\nﬂ K- mpresehl'uﬁow def;nes o
and convensely .



& ? ::: GILA(K)Q K IS a k—reprenev\hhon of G
K

X {'—nw.l‘e G- set (with - 6>(X~>X,3:—->g-:c leﬂ‘ad‘{on)
V K-vector space  with K-basis  {e.|xeX]
=> /;( ; G — GL(V)
g —> A(H: V> V, 1 €y.x
IS a k-repreuenhhon 0{-6 - /'he

GerS,t X={4,2, -—-,h} = nalew[ aplﬁan
~? po= natwal r‘e,:rcoevnfb,fion of Su

)(=G, += pult G,Haen A B ca//ea’ the
: We Wr;’l‘e & 21/329«



Morstisns  Let P GLLV,) (iefed) ke k-repran.

A between p and £, 15 a &K~ homomorphism, o2V, =V, st.
(
V, R V,
oL L . \I’oL Commules VSGG .
V’L Vz_

R~

I{: X is a K-iSO. then v and fz are swdibbe
and we wrile AP

~ I8 eqw;va/enw re/aﬂL)ow
> ehough To study k—represeh{'a{'iov\s up fo equivalence !




SUBSTRUCTURES

A K-subspace WeV is iff
POW) W VoaeG.

fis if it has e@% two G-invania)nf‘ suBsPaces,
i.e. O and V.

OsWglV G- invarianl” K- suLsPa,ce,

=5 /l\l: G——-> GL(W) oFf assoc . }‘0 W
q —> f(g),w



§2 _ Tae Grour ALGEBRA AND Tts MobWULES

DerY: The is the K- a[geém
KG ::{%Nd% | Nek Ve G §
wi/'h addl/':on, I \
‘066)\%‘3 +2>~ 99 =ﬂ26.60\9+>~3)ﬂ

and mulhplncaj‘tov\, .
(Z™3) (& Myh) = Q%EGQM‘»‘\%R .

(e, mlf. in G i ex]l?y\ded hﬂ k—\du\ih. Jfb kQ)

NoTicE: . ke =1 . KG is commutative <> G is abelion

. dim (kG)=16l - sidedness of modules notan issue: m-g:=3"m

K Beld = KG eff Arbwian = Hopking' thw holds :
NCMOA(kG) s f.g. <=> M has a comPosihan series




PROP x p6— GL(V) 1L Vis a kG-mootu.le via

K -rePrMaﬁoh T .2 GxV—> V
(giv) +—> 9= LI
* (V,-I',') kG-moalule > j’v . G —> GL(V)
) > A9 VoV
] \n->}\’,(7)==?'0'

Via the Pror the Trvial represevdhﬁon 0[16 correapowa's to  He

,ie. K itkelF seen as o KG-module via #he

G-aoh ol . G.x K — K exhémfcd "’3 k-)inew'lfg b =
(?/A) ] g°>\:>\
/mj > regular module (KG)

(Tn the sequel,we drop the *+” spubile! )



K -REPRESENTATIONS

KG-MoDULES

K-representation of G

degree

homomorphism of K-representations
equivalent K-representations
subrepresentation

direct sum of representations Py, @pvz

irreducible representation
the trivial representation
the reqular representation of G

completely reducible K-representation

every K-representation of G is
completely reducible

KG-module

K-dimension

homomorphism of KG-modules
isomorphism of KG-modules
KG-submodule

direct sum of KG-modules Vi & V5

simple (= irreducible) KG-module
the trivial KG-module K
the reqular KG-module KG°

semisimple KG-module
(= completely reducible)

KG is semisimple



§3. OPERATIONS ON GROUPS AND MODWULES

&7 How can we COInS'i?‘Wﬂ- new kG-MOOluIGS from Dld ohés 7

Let M N be K6-modules.

@ M®N becomes a KG-module via fhe PILEL:!
. 6x (MgN) —> H@N
(ﬂ» meh ) — g-(m@n) = Imegh
) How(M,N) becomes a KG-module via fhe i
o ] G X HOW\K(M,N) T HOW\K(;;,N)
(?"f) T gf ' n :: (g’;\/{-)(M)ng(é"")

(©) M*:=Hom (M K) isa KG-module via (b)
(i-e. with N=k, the trivial kG-module)



One can also et the 9coup vary ! Wsing "changes of the base ring’, we oblain:

HsG => H—>86 hoh extends kflinean!j fo a k-alge)ora, Lumowplm

2 : KH—> kG
If Memod(K6), then M becomes a kH-module via a change of the bace
ring along 1 , whichwe denofe by or .

u

9G = G@—»6/ll,qqll extends k—liuean\j o a k-algdom hvmowpkiw

T: kg — KL[G/U]

Hence: any KL&/U]-module becomes a KG-module via a change of
the bace ring along T, which we denofe by .

FroperTiESs: « Res and Iia[' commde wth ® and (-T

. Res is fransifive



A 3" operation is given by extending the scalars from a subgroup :

Let H<G and MeMoa/(kH).See@ KG as a (K6,kH)- bimodule
we may define .,

@ H={44 M=k = KT =K68, K kG
(b) assoc. of @ => (MY, = MY ¥ L<h<6




T MPORTANT RELATIONS between #he above oPerqh'ans are :

% FROBENIUS REUPROCITY ( ="biadjunction of Res and Tnd *)
Hom,, (M,N{G) 2 Hom, (M, N)

Hom,, (N, M) i» Home (N, MT},)

MMy © N

- 180

R&<ZFD IR

Hom, (M,N{E)T Hom, (M1, N)

% THe Mackey ForRMULA et H L € G, ler Memod(kL).
Then, as kH-modules )

MTi J’?-l = ( M LHn‘-’L) 1\Hrf"L

ge H\LIG
( where °H is q®M seen as a lefi K(°L)- moclule with @eg")'(g@w\) = g@em)




BREAK: A In 3enerq) /Mod(ké) IS wi/al

— not possiL/e fo c/aSSi[y K6~ modules !

—> Netd fo reslrict our affention fo ‘ressomable’ classes of
K6 - modu les |

I'n the sequel . We take a. closer |ook af -

Sim P|e,
se\mi-siwnp,e, ,kG_- yy)odu IQA
Proaecﬁ Ve
pmmu{‘uﬁo\n /
p- P?nmufuf o




SIMPLICITY AND

SEMISMPLICITY



NoTA: TIrr(R) := { simp/e R- mpalu/es}/g

SU. ScHur's LEMMA

LEM ( Schur)

W Ende(V) is a skew-field
@ VW = Homg(V,W)=0

(b) If K'-’E, A fin&"e d.we k—algelzm and Ve Irr(A) s.t. aL'mKV<oo)
thpi EV’JA(V)={ XIJV' Nek§=K

Rroot

@ trvial !

B = v ;' gvenfeEndy(V) , have f=\Tdy for X agenvalue of f.

(@) V,We Trr(R) => {




PEM; In (b)), the @ Hal k=K is in 3% l‘oosfroh l
) OH'eh replace Hms with the @ Hoa}‘j

Ais split | :<=> Endp(VIzk ¥ fd. simple A- moduk |/

This leﬂ,als l‘o the Fo//ou/)@ de][inill?'an :

:DEF-'N: K is a iff KG is a Spu-
K-algebra,.




From now on we asswime Hhat

K isa sFli’hhj [-ield For G
(and all other groups involved)




§ 5. ArtiN-\WEDDERBURN

Der™: Let SeIn®). IF M isa sewisimple R-module , then the
o M, wrillen , IS the sum of
L all simde R-submodules of M isomOrPhic fo S.

THM : [ Wedderbun}

If R is a semisimple ring , thew :
() SeLer(R) => S(RD #0 and so | In(R)| < o0
@ R =@ S(R®) where each S(B) isa s'nmP|e, \Qﬁ'

)
m SR Artivwan ring

Note: R SQMiSiWP‘e =D R° hasa, COMFoSihoh series

r RR=@® sS(R) = @ és

SeXIre(R) SeIr(R)  i=4

for Mqudg detenwined nee Z,,



THM : [ Actin-Wedderbun ]
R is a semis}mp/e ring = Rz M, (Ds)

S€Trc(R)

where D := EnolR(S)oFP is a division ring .

Assuming now thal R= Aisa split k—algebm. we oblain as

A coroll Ma, i

THM : IF Ais semisimple and Se Irr(A), then -

@ S(A) = M, (K)  and  dim (S(A)) = n2
b dimK(S
© dime(A) = = = dim (5)

@ | Trr(A)] = dim (Z(A))

g




Cor4: |Irr(A)] = dim ( Z( A/3(A)) .

Proof: A and  Af3A) have tie same simple modules

L
J-ss. => s

so (@) of the Tom yields Hre clavm ! +#

Cor 2: A owmmutolive => olimK(S) =1 V Se Irr(A)

Proof: A=2) = 1T (A) € dim @) € = o dim ()

S€ b
>1

APP\%WIS 'H)QSQ reS“n-S {b A = k@/ we OL)/ZJM Il;,f eme/g;

3 | Ter (KG)| < o0 ( Cor1)

x G abelion 'Z8 dim S) =1 V¥ se Ter (k6)




and also :

Cor3: Lel pelP. If Gisa p-group and chan(K)-p,
|_l-hen, Tre(k6) = {KJ .

Proof -

- Cleav: e trivial KG-module is samPIe
e’ IIrr(KG)I dim, 2 ( K&/3ks) )
£ =K o0 3KS)= avﬂwedla’mv i

of 46, inthis cast



§6 . SEMISIMPLICITY OF THE GROup ALGERRA

Q.7 When s KG semisiMPl@,/?

THM : [Maschke, and ifs Conven.se]

L Char(K) 4 1G] <=> KG is semisimple

Proof : 2= stavdand !
“<=": can he proveol USing Artin- Wedderbuwn |

——

Cor . Chan(K)H1Gl => 161 = 2 dim,(s)

SeTrr(6

?roo{-: 2 )olimk(ﬂz = o‘.)mK (kG) = IG|

SeTrr(6




