
CONVENTIONS Unless otherwise stated :

* groups are finite
* rings are assoc . with a 1
* modules are finitely generated left modules

* G is a group
* R is an arbitrary assoc . ring with a 1 , and
R° is the regular module on R

* K is a field ith chalk) arbitrary
k - n- with char (b) = :p > 0 ms pep

and char (b) I 1Gt

* A is a finite - dimensional K - algebra



MONDAY 'S LECTURE

CHAPTER 1

REPRESENTATIONS OF FINITE GROUPS



§/ . LINEARREPRESENTATIONS

DEFN AK- representation of G is a group homomorphism
y : G → GUV) :=Au¥(V)

where VEK" ( he -4>o) is a K- vector space .
Moreover : * n is the degree off ;

* p is / an ordinary representation if /
chalk)t 161

a modular / chalk) / 1Gt

NOTE : choosing a G f-> GLU) 4
K-basis of
✓ yields :

'
-

-

G 1/2 I
→ Glnlk) (4)B

Hence : any K- representation defines a • matrix representation
"

and conversely ,



EXAMPLES :

(a) f : G → GLCK) - K
"

is a K- representation of G
g r> Idk

- the trivial representation of G

(b) {✗ finite G- set (with . : G✗✗→X.gr>g.x left action )
V k-vector space with K- basis {exlxex }

⇒ % : G → GL /V)

g 1-s f- (g) : V→ V, ex↳ eg.se
is a K- representation of G - the permutation representation of Gon ✗
Two particular cases :

G = Sn
,
✗ ={1,2 , - in} ,

• = natural action
→ p× = natural representation of Sn
✗ = G

,
• = mutt . in G

,
then k is called the regular

representation of G . We write k = : prey



Morphisms et fi : G → GLLV;) ( it {1,2} ) be K- repress .

* A morphism between hand pz is a K - homomorphism ✗ : V, -> Vz s.t.

V
,

V
,

H c, Ix commutes tgeG .

V2⇒ V2

* If ✗ is a K- iso .

.

then f. and pz are said to be equivalent
and we write f. ~k .

is an equivalence relation
enough to study K- representations up to equivalence !



SUBSTRUCTURES

* A K - subspace Well is G- invariant iff

p(g) (W) c- W f g c- G.

* p is irreducible if it has exactly two G- invariant subspaces ,
i. e. 0 and V.

* 0 g- WE V G- invariant K - subspace
⇒ pw : G-> GLCW) K - subrepresentation off assoc . to W

g → pcg)/w



§2 . THE GROUP ALGEBRA AND Its MODULES

room now on
,
we want to see K- representations as modules .

DEFN The group algebra of G over K is the K- algebra
KG :={Edgy I ✗get tgeG }

with addition

¥g×g9 + ¥aXgg =¥gHg+Ig)g
and multiplication

( For >99 ) • ( Eg Mnh) = ¥gHgµn)gh
i.e. mult.in Gis extended by k-bilin.to KG)

NOTICE : 1kg = la • KG is commutative ⇐> G is abelian
• dimklkG) =/GI • sidedness of modules not an issue : Mig := g-1. m
• K field => KG left Artinian ⇒ Hopkins ' thin holds :
MemodlkG) is f. g. ⇐> M has a composition series



PROP * p : G-> GLIV)
K - representation

>
Visa KG - module via

-

. : Gxv-> V
(giv) 1-> g-v.=p(g)(v)

* (V, -1 , .) KG -module > % : G > GLIV)
g 1-> gig ) :V→V

ri-sqcgt-g.ir

EXAMPLE

•

a the Prop
.

the trivial representation of G corresponds to the
" trivial KG-module"

,
i.e. K itself seen as a KG - module via the

G- action . : Gxk→K extended by K- linearity to KG .

( g,X)↳ go> = >

EXAMPLE

greg < > regular module *G)
°

(In the sequel ,we drop the "

o
" symbole ! )





§ 3. OPERATIONS ON GROUPS AND MODULES

Q
.

? ow can we construct new KG -modules from old ones ?

Tensors
,
Hom's

,
duals Let M

,
N be KG -modules

.

(a) M④rN becomes a KG-module via the diagonal action ofG , i.e.
• : Gx (M④kN) → M④kN
(g , mxon) '→ g. (m④n) : = gm ④ gn

(b) Honk (M ,N) becomes a KG-module via the conjugation action ofG. i.e.
• : G ✗ Homie (M ,N) → Homie (M ,N)

( gif) 1-> g. f- : M
-> N

m 1-> (g. f) (m) := g. f- (gi.vn)

(c) M*:=Homk(M,K) is a KG - module via (b) .

( i.e. with N=K
,
the trivial KG -module )



One can also let the group vary ! Using
'

changes of the base ring
'

,
we obtain :

RESTRICTION

He G => H -> G.hn> he extends K- linearly to a K- algebra homomorphism
i : KH c-> KG

If MemodlkG) , then M becomes a KH-module via a change of the base
ring along i , which we denote by Res! (M) or Mtf .

INFLATION

U ⇐ G ⇒ a→ Glu ,gi→gU extends K- linearly to a K- algebra homomorphism
IT : KG→ KLGIU]

Hence : any K[Glu] - module becomes a KG - module via a change of
the base ring along it , which we denote by Infoiiu ( M) .

PROPERTIES : • Res and Inf commute with ④ and f)
*

• Res is transitive • • •



A 3rd operation is given by extending the scalars from a subgroup :
3 INDUCTION

-

Let the G and M c-mod (KH) . Seeing KG as a CKG.tt/)-bimodule
,

we may define Ind%(M) :=KG④*µM .

14%9
i

EXAMPLE (a) H={1} , M=K => KT{%=KG④kK EKG

(b) assoc. of ④ ⇒ (MTE )T! = MT? K Letts G

REM : \G④kµM = ⑦ g.④M ask- rect. space
GECGIH]

=> dimp.CM#)--IG:Hl.dim+(M)



-

MPORTANT RELATIONS between the above operations are :

* FROBENIUS RECIPROCITY ( =" biadjunction of Res and Ind ")

Hom
#
IM ,Nt9) ± Homkq (MTI , N)

T
k- Iso

Hom
# (Ntfl , M) É Homkg ( N , MT:)

* IM ④*NITI ± 141^+9 ⑤*N
T
KG- ISO

.

HOMKCM.NL?+)T+9EHomklMT+?,N)
* THE MACKEY FORMULA Let H

,
LEG

,
let ME mod (KL) .

Then
,
as KH-modules

,

Mitt: ± ⑦
getting]

§Mt¥n%)TµÑ%
.

( where 9M is g④M seen as a left Kel) - module with g-
'1. ( g④m)=g④em )



BREAK : In general mod/KG) is wild

→ not possible to classify KG - modules ! !

→ Need to restrict our attention to
"

reasonable " classes of
KG - modules !

In the sequel , we take a closer look at :

simple
semi - simple KG- modules
projective
permutation/
p
- permutation



CHAPTER 2

SIMPLICITY AND SEM/SIMPLICITY



NOTA rr(R) : = { simple R- modules}/±

§ 4. SCHUR 'S LEMMA

LEM ( Schur)
4) Endr (V) is a skew-field

(a) V,We Irr (R) ⇒ {µ v¥W ⇒ tlomp.lv,W) = 0

(b) If K=E, A finite dim'l K-algebra and VE Irr (A) sit . dinkKao,( then Enda ( v) = { *Idviek} - K .

Proof :
(a) trivial !

(b) ✓ ; given f-c- Endalv) ,
have f-i.Idv for ✗ eigenvalue off .



REM : In (b)
,
the ④ that k=E is ingen . too strong !

We often replace this ④ with the ④ that

A is split ⇐> Endalv)±K V- f.d. simple A- moduleV .

This leads to the following definition :

DEFN K is a splitting field for G iff KG is a split
K- algebra .



From now on
,
we assume that

K is a splitting field for G

(and all other groups involved ) .



§ 5. ARTIN-WEDDERBURN

DEFN Let seIrrlR) . If Misa semisimple R-module , then the
5- homogeneous part of M ,

written SIM) , is the sum of
all simple R- submodules of M isomorphic to S .

THM : [ Wedderburn]

If R is a semisimple ring , then :
(1) Se Irr(R) ⇒ S(R°) -1-0 and so I Irrl I < as ;
(2) R° = ④

seiner,
S(R°)

,
where each 51129 is a simple left

Artinian ring

VOTE R semisimple ⇒ R° has a composition series
JORDAN-
Holder

Ro = ④ s(R°) = ④⇒ s
SEIRRLR) SEIRRLR) it

for uniquely determined nse I>o .



THM : [ Artin -Wedderburn]

Risa semisimple ring ⇒ RE IT Mn CDs)
SEIRRCR)

where Ds := End ,z( SIPP is a division ring .

- ssuming now that R=A is a split K-algebra we obtain as
a corollary :

THM : If Ais semisimple and SeIrr(A) , then :

(a) SCAM ± Mns (K) and dink ( SCA)) = ni

(b) dink ( s) = hs

(c) dimµ(A) = I
sEIrr(A)

dink Is )Z

(d) 1Irr(A) I = dim,+( 2- (A) )



CORT : Irr /A) dink / 2-( AIHA))) .

Proof : A and AHCA) have the same simple modules

IÉ⇒s.s
.

so (d) of the -1µm yields the claim ! #

CORZ : A commutative ⇒ dimks)=1 b- SEINA)

Proof : A=Z(A) ⇒ IIRRLA) / ☒ dim#-) -2
SEINA)dimK¥ #

Applying these results to A=KG , we obtain for example :

* / Irr (KG) / < • ( CORI )

* G abelian ¥7 dimks)=1 b- SEIRRCKG)



and also :

COR 3 : Let pep . If G is a p - gro:p and chalk)=p ,

Khem IrrlkG) = { K } .

Proof : "=" clear : the trivial KG -module is simple .

"

E
" I IrrlkG) I = dink 2- ( KGIZCKG) )

(d)
4-THM ¥FasxKG) -- augmentation idea

of KG inthis case
= dimklk ) = 1

#



§ 6 .
SEMISIMPLICITY OF THE GROUP ALGEBRA

Q .
? hen is KG semisimple ?

THM : [ Maschke and its Converse]

L Charlk)t 1Gt ⇐> KG is semisimple

Proof : " : standard !

¥1 : can be proved using Artin - Wedderburn !

COR : Chalk)t 1Gt ⇒ 161 =¥±rr,
dim
*
Is}

Proof : I
scarred

dimkls} = dimk (Ka) = 1Gt #


