
Chapter 10. Brauer Characters

Recall that if F is a field of characteristic zero, then FG-modules are isomorphic if and only if their
characters are equal. Also, the character of an FG-module provides complete information about its
composition factors, including multiplicities, provided that the irreducible characters are known. All
this does not hold for fields � of characteristic � ° 0. For instance, if W is a �-vector space on which
G acts trivially and dim�pW q “ �� ` 1 for some non-negative integer �, then the �-character of W
is the trivial character. This implies that a �-character can only give information about multiplicities
of composition factors modulo �. In view of these issues, the aim of this chapter is to define a slightly
different kind of character theory for modular representations of finite groups and to establish links
with ordinary character theory.

Notation: Throughout, G denotes a finite group and � a prime number. We let pF � �� �q denote a
�-modular system and we assume F contains all exppGq-th roots of unity, so pF � �� �q is a splitting �-
modular system for G and all its subgroups (see Theorem 14.2). We write p :“ Jp�q. For K P tF � �� �u

all KG-modules considered are assumed to be free of finite rank over K . If K P tF � �u and U is a
KG-module, then we write ρU : G ›Ñ GLpUq for the underlying K -representation.

For background results in ordinary character theory I refer to my Skript Character Theory of Finite
Groups from the SS 2020 / SS 2022.
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Before we start, we recall the following useful terminology from finite group theory.

Definition
Let G be a finite group and � be a prime number.

(a) If |G| “ ��� with �� � P Z•0 and p�� �q “ 1, then |G|� :“ �� is the �-part of the order |G|

of G and |G|�1 :“ � is the �1-part of the order of G.

(b) An element � P G is called a �-regular element (or a �1-element) if � - �p�q and we write

G�1 :“ t� P G | � - �p�qu

for the set of all �-regular elements of G. (Warning: in general this is not a subgroup!)

(c) An element � P G is called a �-singular element if � | �p�q and it is called a �-element if
�p�q is a power of �.

Remark
Let G be a finite group and � be a prime number. Let � P G and write �p�q “ ��� with �� � P Z•0
such that p�� �q “ 1. Then, letting �� � P Z be such that 1 “ ���

` ��, we may set

�� :“ ��� and ��1 :“ ����

It is immediate that
p��q

��
“ 1� p��1q�

“ 1� and � “ ����1 �

Thus, �� is a �-element and is called the �-part of �, and ��1 is �-regular and is called the �1-part
of �.

35 Brauer characters
Since we assume that the given �-modular system pF � �� �q is such that F contains all exppGq-th roots
of unity, both F and � contain a primitive �-th root of unity, where � is the l.c.m. of the orders of the
�-regular elements of G. To start with we examine the relationship between the roots of unity in F
and in � . Set

µF :“ t�-th roots of 1 in Fu ;

µ� :“ t�-th roots of 1 in �u �

Then µF Ñ � (since roots of unity take value 1 under the valuation) and, as both µF and µ� are finite
groups, it follows from Corollary 13.8 that the quotient morphism � ⇣ �{p restricted to µF induces a
group isomorphism

µF
–

›Ñ µ� �

We write the underlying bijection as pξ fiÑ ξ , so that if ξ is an �-th root of unity in � then pξ is the
unique �-th root of unity in � which maps onto it.
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Lemma 35.1 (Diagonalisation lemma)
Let ρ : G ›Ñ GLpUq be a �-representation of G. Then, for every �-regular element � P G�1 , the
�-linear map ρp�q is diagonalisable and its eigenvalues are �p�q-th roots of unity lying in µ� . In
other words, there exists an ordered �-basis B of U with respect to which

`
ρp�q

˘
B “

»

————–

ξ1 0 0
0 ξ2

0
0 0 ξ�

fi

����fl
�

where � :“ dim�pUq and each ξ� (1 § � § �) is an �p�q-th root of unity in � .

Proof : Let � P G�1 . It is enough to consider the restriction of ρ to the cyclic subgroup x�y. Since � - |x�y|,
�x�y is semisimple by Maschke’s Theorem. Moreover, as � is a splitting field for x�y, it follows from
Corollary 12.3 that all irreducible �-representations of x�y have degree 1. Hence ρ|x�y can be decomposed
as the direct sum of degree 1 subrepresentations. As a consequence ρp�q “ ρ|x�yp�q is diagonalisable
and there exists a �-basis B of U satisfying the statement of the lemma. It follows immediately that
the eigenvalues are �p�q-th roots of unity because ρUp��p�q

q “ ρUp1Gq “ IdU . They all lie in µ� , being
�p�q-th roots of unity, hence �-th roots of unity.

This leads to the following definition.

Definition 35.2 (Brauer characters)
Let U be a �G-module of dimension � P Z•0 and let ρU : G Ñ GLpUq be the associated �-
representation. The �-Brauer character or simply the Brauer character of G afforded by U (resp.
of ρU ) is the F-valued function

�U : G�1 Ñ � Ñ F
� fiÑ pξ1 ` ¨ ¨ ¨ ` pξ� �

where ξ1� � � � � ξ� P µ� are the eigenvalues of ρUp�q. The integer � is also called the degree of �U .
Moreover, �U is called irreducible if U is simple (resp. if ρU is irreducible), and it is called linear
if � “ 1. We let IBr�pGq :“ t�S | S P Irrp�Gqu be the set of all irreducible Brauer characters of G.

In the sequel, we want to prove that Brauer characters of �G-modules have properties similar to C-
characters.

Remark 35.3

(a) Warning: �p�q P � Ñ F even though ρUp�q is defined over the field � of characteristic � ° 0.

(b) Often the values of Brauer characters are considered as complex numbers, i.e. sums of complex
roots of unity. Of course, in that case then �Up�q depends on the choice of embedding of
µF into C. However, for a fixed embedding, �Up�q is uniquely determined up to similarity
of ρUp�q.



Skript zur Vorlesung: Representation Theory WS 2022/23 103

Immediate properties of Brauer characters are as follows.

Proposition 35.4
Let U be a �G-module with Brauer character �U . Then:

(a) �Up1q “ dim�pUq ;

(b) �U is a class function on G�1 ;

(c) �Up�´1
q “ �U˚p�q @ � P G�1 .

Proof : Let � :“ dim� pUq and let ρU be the �-representation associated to U .

(a) Clearly, ρUp1Gq “ IdU and has � eigenvalues all equal to 1� . Since p1� “ 1F the sum of the lifts of
these � eigenvalues is � “ dim� pUq.

(b) If �� � P G�1 , then ρUp���´1
q “ ρUp�qρUp�qρUp�q

´1, so ρUp�q and ρUp���´1
q are similar and

therefore have the same eigenvalues. Thus, by definition of �U we have �Up�q “ �Up���´1
q.

[Note that in this proof we could take � P G and it would not change the result!]
(c) Let � P G�1 and let ξ1� � � � � ξ� P µ� be the eigenvalues of ρUp�q. As ρUp�q is diagonalisable by

Lemma 35.1, it follows immediately that the eigenvalues of ρUp�´1
q “ ρUp�q

´1 are ξ´1
1 � � � � � ξ´1

� ,
as are the eigenvalues of ρU˚ p�q “ ρUp�´1

q
�� . Since µF ›Ñ µ� � pξ fiÑ ξ is a group isomorphism,

we have yξ´1
� “ pξ�

´1
for each 1 § � § �, and the claim follows.

Exercise 35.5
Let U� V � W be �G-modules. Prove the following assertions.

(a) If 0 U V W 0 is a s.e.s. of �G-modules, then �V “ �U ` �W �

(b) If U ‰ 0 and the pairwise non-isomorphic composition factors of U are S1� � � � � S� (� P Z•1)
with multiplicities �1� � � � � �� respectively, then

�U “ �1�S1 ` � � � ` ���S� �

In particular, if two �G-modules have isomorphic composition factors, counting multiplicities,
then they have the same Brauer character.

(c) We have �U‘V “ �U ` �V and �Ub� V “ �U ¨ �V .

Exercise 35.6
Exercise 35.5(a) tells us that two isomorphic �G-modules afford the same Brauer character. How-
ever, the converse does not hold as Exercise 35.5(b) tells us that two �G-modules with the same
composition factors afford the same Brauer character. Consider for example the group G “ C3 and
assume that � “ 3. Then, we know from Theorem 26.1 that there exists a unique �G-module M such
that dim�pMq “ 2. Moreover, as G is a 3-group, it has a unique simple module, up to isomorphism,
namely the trivial module � . It follows that M has two composition factors, both equal to � and we
have

�M “ �� ` �� “ ��‘� �
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The link between the Brauer characters and the usual notion of a character, i.e. trace functions, is
described below and explains why trace functions are not good enough.

Definition 35.7 (character )
Assume K P tF � �u. Let U be a KG-module and let ρU : G ›Ñ GLpUq be the underlying K -rep-
resentation, then the trace function

Trp´� Uq : G ›Ñ K
� fiÑ Trp�� Uq :“ Tr

`
ρUp�q

˘

is called the K -character of U .
For K “ F , we also write χU instead of Trp´� Uq and we write IrrF pGq for the set of all irreducible
F-characters of G.

(Recall from Character Theory of Finite Groups that an F-character χU is called irreducible if U is a
simple FG-module.)

Lemma 35.8
Let U ‰ 0 be a �G-module and let � P G. Then:

(a) Trp�� Uq “ Trp��1 � Uq , and

(b) Trp�� Uq “ �Up��1q ` p in the quotient � “ �{p.

Proof : Let ρU be the �-representation associated to U .

(a) Clearly ρUp�q “ ρUp��qρUp��1 q “ ρUp��1 qρUp��q. Therefore, we know from linear algebra that
the eigenvalues of ρUp�q are pairwise products of suitably ordered eigenvalues of ρUp��1 q and
ρUp��q. Now, as �� is a �-element, a �-power of ρUp��q is the identity and so all the eigenvalues
of ρUp��q are equal to one because charp�q “ �. Hence ρUp�q and ρUp��1 q have the same
eigenvalues (counted with multiplicities) and the claim follows.

(b) Let ξ1� � � � � ξ� be the eigenvalues of ρUp��1 q. Then, by definition, �Up��1 q “ pξ1 ` ¨ ¨ ¨ ` pξ�, where,
for each 1 § � § �, pξ� is such that pξ� ` p “ ξ� in the quotient � “ �{p. Therefore, it follows from
(a) and the diagonalisation lemma that

Trp�� Uq “ Trp��1 � Uq “ ξ1 `¨ ¨ ¨`ξ� “ p pξ1 `pq`¨ ¨ ¨`p pξ� `pq “ p pξ1 ` � � �` pξ�q`p “ �Up��1 q`p �

Notation 35.9
We let ClF pGq :“ t� : G ›Ñ F | � class functionu denote the F-vector space of F-valued class
functions on G and we let ClF pG�1q :“ t� : G�1 ›Ñ F | � class functionu denote the F-vector space
of F-valued class functions on G�1 .

Proposition 35.10
A class function � P ClF pG�1q is a Brauer character if and only if it is a non-negative Z-linear
combination of elements of IBr�pGq.

Proof : The necessary condition is clear by Exercise 35.5(b). Conversely, let �1� � � � � �� P Z•0 and let
�S1

� � � � � �S�
P IBr�pGq p� P Z•0) be the Brauer characters afforded by the simple �G-modules S1� � � � � S�.

Then, by Exercise 35.5(c), the class function � :“ �1�S1
` � � � ` ���S�

is the Brauer character afforded
by the �G-module

S�1
1 ‘ � � � ‘ S��

� �
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Theorem 35.11
The set IBr�pGq of irreducible Brauer characters of G is F-linearly independent and hence

| IBr�pGq| § dimF ClF pG�1q “ number of conjugacy classes of �-regular elements in G �

In particular, IBr�pGq “ t��u provided G is a finite �-group.

Without proof.
The second claim is obvious, because the indicator functions on the conjugacy classes of �-regular
elements form an F-basis. The third claim is clear since if G is a �-group, then G�1 “ t1Gu. Thus
| IBr�pGq| “ 1 by the first part, namely IBr�pGq “ t��u.

36 Back to decomposition matrices of finite groups
We now want to investigate the connections between representations of G over F (or C) and represen-
tations of G over � through the connections between their F-characters and Brauer characters.

Lemma 36.1
Let V be an FG-module with F-character χV . Let L be an �-form of V and let L “ L{pL be the
reduction modulo p of L. Then,

χV |G�1 “ �L �

and is often called the reduction modulo � of χV .

Proof : Let � P G�1 and write RL : G ›Ñ GLpLq for the �-representation associated to L. Since � is �-
regular, the eigenvalues �1� � � � � �� of RLp�q belong to µF Ñ � and �1� � � � � �� P � are the eigenvalues of
ρLp�q. Since by definition �L is the sum of the lifts of the latter quantities, we have

�Lp�q “ �1 ` � � � ` �� “ Trp�� LF
q “ Trp�� V q “ χV p�q

since L is an �-form of V .

Proposition 36.2

(a) The set IBr�pGq is an F-basis of ClF pG�1q.

(b) Given an irreducible F-character χ P IrrF pGq, there exist non-negative integers �χ� such that

χ |G�1 “

ÿ

�PIBr�pGq
�χ���

(c) | IBr�pGq| “ number of �-regular conjugacy classes of G .

Proof : By Theorem 35.11 it only remains to prove that IBr�pGq spans ClF pG�1 q. So let µ P ClF pG�1 q be
an arbitrary F-valued class function on G�1 . Then µ can be extended to µ#

P ClF pGq, e.g. by setting
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µ#
p�q “ 0 for every � P GzG�1 . Since IrrF pGq is an F-basis for ClF pGq, we can write

µ#
“

ÿ

χPIrrF pGq
�χ ¨ χ

with �χ P F @ χ P IrrF pGq. Thus

µ “ µ#
|G�1 “

ÿ

χPIrrF pGq
�χ ¨ χ |G�1

where by Lemma 36.1 each χ |G�1 is a Brauer character of G, and hence by Proposition 35.10, each
χ |G�1 is a non-negative integer linear combination of irreducible Brauer characters. Therefore µ is an
F-linear combination of irreducible Brauer characters over F . It follows that IBr�pGq is a generating set
for ClF pG�1 q. This proves (a). Parts (b) and (c) are immediate consequences of (a) and its proof.

Exercise 36.3
Prove that two �G-modules afford the same Brauer character if and only if they have isomorphic
composition factors (including multiplicities).

Remark 36.4
If we translate part (b) of Proposition 36.2 from irreducible characters and Brauer characters to
FG-modules and �G-modules, we obtain that the integers �χ� are the same as the �-decomposition
numbers of G as defined through Brauer’s reciprocity theorem, i.e.

D :“ Dec�pGq “ p�χ�qχPIrrF pGq
�PIBr�pGq

�

The Cartan matrix of G is then

C “ D��D “ p��µq��µPIBr�pGq

(see Exercise 34.4) and for every �� µ P IBr�pGq we have

��µ “

ÿ

χPIrrF pGq
�χ��χµ�

Corollary 36.5

(a) The decomposition matrix Dec�pGq of G has full rank, namely | IBr�pGq|.

(b) The Cartan matrix of G is a symmetric positive definite matrix with non-negative integer
entries.

Proof : It follows from Proposition 36.2 that tχ |G�1 | χ P IrrF pGqu spans ClF pG�1 q over F . There is therefore
a subset B Ñ tχ |G�1 | χ P IrrF pGqu which forms an F-basis for ClF pG�1 q. Now by Proposition 36.2, the
columns of the matrix p�χ�qχPB��PIBr�pGq are F-linearly independent, hence Dec�pGq has full rank. This
proves (a) and (b) follows immediately.
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Recall now that projective �G-modules are liftable by Corollary 32.5. This enables us to associate an
F-character of G to each PIM of �G.

Definition 36.6
Let � P IBr�pGq be an irreducible Brauer character afforded by a simple �G-module S. Let PS be
the projective cover of S and let pPS denote a lift of PS to �. Then, the F-character of ppPSq

F is
denoted by Φ� and is called the projective indecomposable character associated to S or �.

Corollary 36.7
Let � P IBr�pGq. Then:

(a) Φ� “
∞

χPIrrF pGq �χ�χ ; and

(b) Φ�|G�1 “
∞

µPIBr�pGq ��µµ.

Proof : (a) This follows from Brauer reciprocity.
(b) This follows from part (a) because

Φ�|G�1 “

ÿ

χPIrrF pGq
�χ�χ |G�1 “

ÿ

χPIrrF pGq
�χ�

ÿ

µPIBr�pGq
�χµµ “

ÿ

µPIBr�pGq
��µµ �

Theorem 36.8
Assume � - |G|, then the following assertions hold:

(a) If V is a simple FG-module and L is an �-form for V , then its reduction modulo p is a simple
�G-module and the map

IrrF pGq ›Ñ IBr�pGq

χV fiÑ χV |G�1 “ χV

is a bijection.

(b) Both the Cartan matrix of G and the decomposition matrix Dec�pGq of G are the identity
matrix, provided the rows and the columns are ordered in the same way.

Proof : Since � - |G|, clearly G�1 “ G. Now, by Maschke’s theorem, �G is semisimple, so the simple �G-
modules are precisely the PIMs of �G, up to isomorphism. Thus, if S is a simple �G-module affording
the Brauer character �, then by definition of the Cartan integers (Def. 24.2) and Remark 36.4 we have

��µ “ δ�µ @ µ P IBr� G �

Therefore,
1 “ ��� “

ÿ

χPIrrF pGq
�2

χ�

and it follows that there is a unique χ0 P IrrF pGq such that �χ0� ‰ 0; in fact we must have �χ0� “ 1.
Now, it follows from Corollary 36.7 that

Φ� “ χ0 and χ0|G�1 “ � �
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so the first claim of (a) holds and the given map is well-defined and surjective. It follows immediately
that this map is bijective since by Proposition 36.2(c) we have

| IBr�pGq| “ #G-conjugacy classes in G “ | IrrF pGq| † 8 �
This proves (a) and (b).

Finally, we would like to obtain orthogonality relations for Brauer characters, which generalise the
row orthogonality relations for ordinary irreducible characters. However, unlike the case of ordinary
characters, there are now two significant tables that we can construct: the table of values of Brauer
characters of simple modules, and the table of values of Brauer characters of indecomposable projective
modules.

Definition 36.9 (Brauer character table)
Set � :“ | IBr�pGq| and let �1� � � � � �� be a complete set of representatives of the �-regular conjugacy
classes of G.

(a) The Brauer character table of the finite group G is the matrix
´

�p��q
¯

�PIBr�pGq
1§�§�

P M�pF q .

(b) The Brauer projective table of the finite group G at � is the matrix
´

Φ�p��q
¯

�PIBr�pGq
1§�§�

P M�pF q .

Remark 36.10
The binary operation

x � y�1 : ClF pG�1q ˆ ClF pG�1q ›Ñ F
p�1� �2q fiÑ x�1� �2y�1 :“ 1

|G|
∞

�PG�1 �1p�q�2p�´1
q

is a Hermitian form on ClF pG�1q.

With these tools we obtain a replacement for the row orthogonality relations for ordinary irreducible
characters. It says that the rows of the Brauer character table and of the �-projective Brauer table are
orthogonal to each other.

Theorem 36.11

(a) All projective indecomposable characters Φ� (� P IBr�pGq) vanish on �-singular elements,
and the set tΦ� | � P IBr�pGqu is an F-basis of the subspace

Cl˝F pGq :“ t� P ClF pGq | �p�q “ 0 @ � P GzG�1u

of ClF pGq.

(b) For every �� ψ P IBr�pGq we have x�� Φψy�1 “ δ�ψ “ xΦ�� ψy�1 .

Proof : Let �1� � � � � �� be a complete set of representatives of the conjugacy classes of G such that �1� � � � � ��
are �-singular and ��`1� � � � � �� are �-regular. If � † � § �, then by Proposition 36.2(b),

χp�´1
� q “ χ |G�1 p�

´1
� q “

ÿ

�PIBr�pGq
�χ��p�´1

� q



Skript zur Vorlesung: Representation Theory WS 2022/23 109

and for each 1 § � § � the 2nd Orthogonality Relations for the irreducible F-characters (see [Las20,
Thm. 12.2]) yield

p˚q δ�� |CGp��q| “

ÿ

χPIrrF pGq
χp��qχp�´1

� q “

ÿ

χPIrrF pGq
χp��q

´ ÿ

�PIBr�pGq
�χ��p�´1

� q

¯

“

ÿ

�PIBr�pGq

´ ÿ

χPIrrF pGq
�χ�χp��q

¯
�p�´1

� q

“

ÿ

�PIBr�pGq
Φ�p��q�p�´1

� q

where the last equality holds by Corollary 36.7(a). Then for each 1 § � § �, we have
∞

�PIBr�pGq Φ�p��q� “0
in ClF pG�1 q and we obtain that Φ�p��q “ 0 for each � P IBr�pGq since IBr�pGq is F-linearly independent.
Thus the first claim of (a) is established.
Now, (˚) says that the square matrix ˆ

Φ�p��q

|CGp��q|

˙��

�PIBr�pGq
�`1§�§�

is a left inverse for the square matrix ˆ
�p�´1

� q

˙

�PIBr�pGq
�`1§�§�

�

Therefore, it is also a right inverse, and multiplying both matrices the other way around, we obtain
(applying the Orbit-Stabiliser Theorem) that

δ�ψ “

�ÿ

�“�`1

1
|CGp��q|

�p�´1
� qΦψp��q “

1
|G|

ÿ

�PG�1

�p�´1
qΦψp�q

“
1

|G|

ÿ

�PG�1

�p�qΦψp�´1
q

“ x�� Φψy�1

for all �� ψ P IBr�pGq. Similarly xΦ�� ψy�1 “ δ�ψ for all �� ψ P IBr�pGq. This means in effect that
tΦ�|G�1 | � P IBr�pGqu and IBr�pGq are dual bases of ClF pG�1 q with respect to the Hermitian form x� y�1 .
Thus, we have proved (a) and (b).

Remark 36.12
The proof of the theorem tells us that writing Φ for the Brauer projective table, Π for the Brauer
character table and setting B :“ diagp|CGp��`1q|� � � � � |CGp��q|q, then the orthogonality relations
can be written as Φ��B´1Π “ I .

Exercise 36.13
Let H be a �1-subgroup of a finite group G. Prove that the character Φ� is a constituent of the
trivial F-character of H induced to G.

Exercise 36.14
Let � P IBr�pGq and let λ be a linear character. Prove that λ� P IBr�pGq and λpΦ�q|G�1 “ pΦλ�q|G�1 .

Exercise 36.15
Let G be a finite group and let ρ��� denote the regular F-character of G. Prove that:

ρreg “

ÿ

�PIBr�pGq
�p1qΦ� and pρregq|G�1 “

ÿ

�PIBr�pGq
Φ�p1q� �
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Exercise 36.16
Deduce from Theorem 36.11 that:

(a) the inverse of the Cartan matrix of �G is C´1
“ px�� ψy�1q��ψPIBr�pGq; and

(b) |G|� | Φ�p1q for every � P IBr�pGq.

Exercise 36.17

(a) Let U be a �G-module and let P be a PIM of �G. Prove that

dim� Hom�GpP� Uq “
1

|G|

ÿ

�PG�1

�Pp�´1
q�Up�q

(b) Prove that the binary operation x � y�1 is an inner product on ClF pG�1q.

Exercise 36.18
Let G :“ A5, the alternating group on 5 letters. Calculate the Brauer character table, the Cartan
matrix and the decomposition matrix of G for � “ 3.
[Hints. (1.) Use the ordinary character table of A5 and reduction modulo �. (2.) A simple group does not have any
irreducible Brauer character of degree 2.]

Exercise 36.19
Deduce from Remark 36.12 that column orthogonality relations for the Brauer characters take the
form Π��Φ “ B, i.e. given �� � P G�1 we have

ÿ

φPIBr�pGq
φp�qΦ�p�´1

q “

#
|CGp�q| if � and � are G-conjugate�
0 otherwise�

Exercise 36.20
Let σ : G ›Ñ H be an isomorphism of groups. If ψ is a class function defined on G (resp. on G�1),
we define

ψσ
p�q :“ ψp�σ´1

q @ � P H (resp. @ � P H�1q

Prove that ψ is a Brauer character of G if and only if ψσ is a Brauer character of H . Prove that
moreover �χ� “ �χσ �σ for every χ P IrrpGq and � P IBrpGq.

Exercise 36.21
Let N EG be the smallest normal subgroup of G such that G{N is an abelian �1-group. Prove that
the map

Ψ : IrrpG{Nq ›Ñ tλ P IBr�pGq | λp1q “ 1u

χ fiÑ InfGG{Npχq|G�1

is a bijection and conclude that the number of linear Brauer characters of G is pG{rG : Gsq�1 .


