Chapter 7. Frobenius Groups

In this chapter we show how to understand the irreducible characters of an important class of finite
groups: the Frobenius groups. After Burnside's p?q®-Theorem this provides us with a second funda-
mental application of character theory to the structure theory of finite groups.

Notation: throughout this chapter, unless otherwise specified, we let:
- G denote a finite group in multiplicative notation with neutral element 1 :=1g5;
- K := C be the field of complex numbers.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

22  Frobenius group / Frobenius complement / Frobenius kernel

Definition 22.1 (Frobenius group | Frobenius complement)

A finite group G admitting a non-trivial proper subgroup H such that
Hn 9H = {1} Vge G\H

is called a Frobenius group with Frobenius complement H or a Frobenius group with respect
to H.

Note: The definition implies immediately that Ng(H) = H. Also, a Frobenius complement need not be
unique.

Example 15

Assume P € Syl,(G) is such that |P| = p and Ng(P) = P < G. (In words: P is cyclic of order p
and self-normalising!) Then, clearly, P n 9P = {1} for any g € G\P = G\Ng(P), and so G is a
Frobenius group with Frobenius complement P.

This yields immediately that the following well-known groups are Frobenius groups:
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Th

(1) the symmetric group &3 is a Frobenius group with Frobenius complement {(1 2));

(2) the dihedral group
Doamy1) =<a, b | @™ = b? = (ab)? = 1)

of order 2(2m + 1) with m € Z>1 is a Frobenius group with Frobenius complement (b);

(3) the alternating group 24 is a Frobenius group with Frobenius complement {(1 2 3)).

eorem 22.2 (FROBENIUS)

If G is a Frobenius group with Frobenius complement H, then there exists a normal subgroup NG
such that G = HN and H n N = {1}. Moreover, such an N is uniquely determined, and it is called
the Frobenius kernel.

We see below that the normal subgroup N is easily defined as a set and proved to be unique with the
required properties; the crux of the difficulty lies in proving that it is a subgroup of G. This requires
character theoretical arguments!

Proof: Define N := (G\U e H) U {1}.

Claim 1: Hn N = {1} and [N| = |G : H]|.
Indeed, from the definition of N we have H n N = {1} and from the definition of Frobenius complement,
H = Ng(H), so there are exactly |G : Ng(H)| = |G : H| distinct conjugates 9H of H because if g, x € G

then we have:
IH="H < x 'ge Ng(H) = H < gH = xH.

Moreover, these have only the identity element in common, because if g, x € G are such that 9H # *H,
then x~1g ¢ Ng(H) = H, so by the definition of the Frobenius complement,

(1} =""9H~H=""(9Hn H),
proving that 9H n *H = {15}. It now follows that

)UgH‘=|G:H\~(|H|f1)+1.
geCG

Claim 2: if G contains a normal subgroup N such that NH = G and N ~n H = {15}, then N = N,
(Be careful! At this stage, this does not mean that such an N exists!)

Indeed, since N n H = {1} and N < G, certainly
Nn9H=9INAIH=9INAH)= %1} = {1}

for any g € G, whence N = N. Moreover, N is such that [N| = |G : H| = |N|, where the 2nd equality
holds by Claim 1, proving that N = N.

Claim 3: if 9 € Cl(H) is such that 6(1y) = 0, then 015]%=

To begin with, the values of 615|5% and 6 at 1 coincide since by Corollary 19.8 we have 61515 (14) =
|G : H|-0(1) = 0. Now, let h € H\{1}. Then, given x € G, 8°(xhx™") # 0 only if *h # 1 and
*h e Hn *H, so x € H. Moreover, as 6 is a class function, we get

|H| 2, 60 |H\ 2, o

xeG xeH
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as required.

Claim 4: Ind : {6 € CI(H) | 6(1) = 0} —> CI(G), 6 — 61§ is an isometry with respect to the scalar
products (—, —),, and {—, —)..
Indeed, let 6, n € CI(H) be such that 8(1y) = 0 = n(1). Then Frobenius Reciprocity and Claim 3 yield

015 n1iye = O ELG My =6, My,
as desired.

Claim 5: If n e Irr(H)\{1} (exists as H # {1}) and 6 := n — n(1)1y, then n* := 615 +n(1)1¢ is an
irreducible character of G.

Clearly, 68 € Zlrr(H) < Cl(H), 6(1) =0, and n* € ZIrr(G) < Cl(G) (see Remark 19.6). Now, on the one
hand by Claim 4, we have

(015,010 =<6, 6y = (. + n(1)”.

On the other hand, by Frobenius reciprocity, {(615,1¢)c = (0,14, = —n(1), hence the above together
with the fact that 815 is virtual character (by Remark 19.6) implies that

(%, )6 = <015 +n(1)16, 01 +n(1)16)6
= (015, 01 + 2n(1)(O1. 1) + n(1)*(N 6. 16)e
= (mmyy + n(1)> +20(1) - (=n(1)) + (1)
={nmy =1
As n* is a virtual character, it now follows that £n* € Irr(G). However,
(1) = 015 (1) +n(N16(1) = 0+n(1) -1 =n(1) > 1,
whence n* € Irr(G).

The next claim eventually proves that N is a normal subgroup of G.
Claim 6: N = (,¢j(y) ker(n®).
By Claim 5,

M = ﬂ ker(n™)

nelrr(H)

defines a normal subgroup of G. First we claim that M < N. Observe that Claim 3 implies that for any
nelrr(H),

L= 015G +n()16 lfi= 0+ n()1h =n.
Thus, if h e M n H, then for all n € Irr(H), we have

It follows that n(h) = n(1) for all n € Irr(H), and so

MnH< ﬂ ker(n) = {1}
nelrr(H)

where the last equality holds by Exercise 14.7. This proves that M~ H = {1}, whence also Mn *H = {1}
for each x € G since M < H. Therefore M < N, and it remains to prove that N < M. So, let g € N\{1}.
Then, by the definition of N, for every x € G, we have g ¢ *H. Hence, by definition of induced characters,
015 (g) = 0 for each 6 as defined in Claim 5, and so n*(g) = n*(1) for each n e Irr(H)\{14}. It follows
that g € ker(n*) for each n € Irr(H), proving that g € M. This proves Claim 6.

The statement of the theorem now follows from Claim 6, Claim 1 and Claim 2.
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Remark 22.3

(@) To use standard group theory terminology, the theorem says that the Frobenius kernel is a
normal complement of H in G and that G is an internal semi-direct product of N by H.

(b) There is no known proof of Frobenius’ theorem which does not make use of character theory.

c¢) Thompson proved that the Frobenius kernel N of a Frobenius group is always a nilpotent
p p group y p
group (i.e. N is the direct product of its Sylow subgroups).

Exercise 22.4

(a) Find two non-isomorphic finite groups which are Frobenius groups and not isomorphic to any
of the Frobenius groups given in Example 15.

(b) Find two infinite families of non-abelian finite groups which are not Frobenius groups.

Justify your answers with proofs.

23 Characters of Frobenius groups

We now construct the whole character table of an arbitrary Frobenius group.

Theorem 23.1 (Brauer’s Permutation Lemma)

Let A, B be finite groups, and assume that A acts on both Irr(B) and C(B) via left actions

AxIrr(B) = Irr(B), (u,x)— u.x,
Ax C(B)— C(B), (u,C)w— u.C,

such that (a.x)(a.c) = x(c) for each a € A, each c € C and each C € C(B). Then
|Fixir(gy(a)| = [{x € Irr(B) | a.x = x}| = [{C e C(B) | a.C = C}| = |Fixc(z)(a)]

for every u € A. (In other words, the permutation representations induced by the two actions afford
the same character.) Moreover, the number of A-orbits on Irr(B) and on C(B) coincide.

Proof: Set h := |Irr(B)| = |C(B)| and write Irr(B) = {x;...., x5} =: X1 and C(B) = {Gy,..., Gy} = Xz.
By Example 1(d), the A-actions on Irr(B) =: X; and C(B) =: X, define permutation representations

px, : A— GL(C") = GL4(C) and py, : A — GL(C") = GL4(C)

respectively, which we see as matrix representations w.r.t. to the ordered C-basis (x;,...,x,) and

(Gi, ..., Gp), respectively. Moreover, we denote by x,, and x,, respectively, the characters afforded by
these representations. Now, by Proposition 10.1, for each a € A we have

xx, (@) = [Fixg (a)]  and Xy, (a) = [Fixg(a)].

Hence, in order to complete the proof of the first claim, it is enough to prove that x, = xy,- Fixa € A
and observe that the action of @ on X; and X, permutes the rows and the columns of X(N), sending
the row indexed by x; to the row indexed by a.y;, and the column indexed by C; to the column indexed
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by a='.C;. (The reason for this choice will become clear in the next lines.) Then, the permutation of the
rows is given by left multiplication with py (a), Le. py (a)X(N), and the permutation of the columns
is given by right multiplication with py (a), i.e. X(N)py (a). Moreover, the hypothesis of the theorem

implies that
(ax)(c)=x(a"".c) VaeA VYceC VYCeC(B).

It follows that
px, (@)X(N) = X(N)px,(a)

and hence, since X(N) is an invertible matrix, we get p, (a) = X(/\/)pxz(a)X(/\/)_1, proving that
Px, ~ Px, and the claim follows.

For the last claim, remember that the number of A-orbits on Irr(B) is given by (xy,, 155 and the number

of A-orbits on Irr(B) is given by (xy,, 15)5. Now, both numbers are equal by the first claim. |

We want to apply Brauer’s Permutation Lemma in order to obtain information on the character table of
Frobenius groups.

Remark 23.2

If N <G, then G acts by conjugation on the sets Irr(N) and C(N). In other words, there are left
G-actions
Gxlrr(N) — 1Irr(N)
(g.x) = gx=%
and
Gx C(N) — C(N)
(g, C) — ¢g.C:=9C ={gcg™" | ce C}.

Moreover, it follows from the definition of a conjugate character that these actions satisfy the
condition

(g-x)(g.C) =x(C) V¥V CeC(N).

It follows that we may apply Brauer’'s Permutation Lemma to this setting.

eorem 23.3

Let G be an arbitrary finite group. Assume that N<IG and assume that Ci(n) < N for all n € N\{1}.
Then, the following assertions hold:

(@) if e lrr(N)\{1n}, then Y15 € Irr(G);
(b) if x € Irr(G) is such that N & ker(x), then there exists (s € Irr(N) such that y = 1.

Proof:

(a) First, it follows from the Mackey formula that (¢ 1%, ¢ TR0 = Znee/n(W P (See Exer-
cise 20.5.) Thus, to prove that /1§ is irreducible, it suffices to prove that ¢y # *¢s for each x ¢ N,
since then the latter sum is equal to 1. Now, by Brauer’s Permutation Lemma and Remark 23, it
is enough to prove that for each conjugacy class [1] # C € C(N) and each x € G that the equality
xCx~" = C implies that x € N. So, let n € C. Then, xCx~! = C implies that xnx~" = yny~" for
some y € N and hence y~'x € Cg(n) < N by the hypothesis, proving that x € N, as required.
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(b) Since N £ ker(x), certainly x |§ has at least one non-trivial constituent, say ¢ € Irr(N)\{1n}.
Moreover, Frobenius reciprocity yields

OCYtoe = Ol don #0.
Thus x is a constituent of l,[/Tf,, but then this y = lfJT/C\;/ since l,lJT/?,e Irr(G) by (a). m

This leads to the following characterisation of the irreducible characters of Frobenius groups.

Theorem 23.4

Let G be a Frobenius group with Frobenius complement H and Frobenius kernel N. Then,

Irr(G) = Infgn (Irr(G/N)) L {15 | e lr(N\{1n}}

Note. Notice that the Frobenius complement H does not occur in the description of Irr(G). Thus,
choosing a different Frobenius complement would not change the result. Also notice that the second
set {¢15 | ¢ € Ir(N)\{1n}} may contain repetitions! In order to describe all characters of G which
do not have N in their kernel, it suffices to consider a set of representatives of the G-orbits instead of

Irr(NO\{1n}-

Proof: It follows from Theorem 23.3 that it suffices to prove that Cg(n) < N for all n € N\{1}. So,
let n € N\{1} and suppose that Cs(n) £ N. Then, by the definition of N, there exists x € G such
that Cg(n) n *H # {1}. Now, conjugating by x~' and replacing n with x~"nx, we may assume that
Cs(n) n H # {1}. Thus, given 1 # h € Cs(n) n H, we have h € H n "H, which contradicts the fact that
H is a Frobenius complement. ]

E«ercise 23.5

Compute that character table of the dihedral group D;(3,11) for any m € Z>1.




