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20 Clifford Theory

Clifford theory is a generic term for a series of results relating the representation / character theory of
a given group G to that of a normal subgroup N E G through induction and restriction.

Definition 20.1 (Conjugate class function / inertia group)

Let H § G, let � P ��pHq and let � P G.

(a) We define �� P ��p�H�´1
q to be the class function on �H�´1 defined by

�� : �H�´1
›Ñ C� � fiÑ �p�´1��q �

(b) The subgroup �Gp�q :“ t� P G |
�� “ �u § G is called the inertia group of � in G.

Exercise 20.2 (Exercise 26, Sheet 7 )

With the notation of Definition 20.1, prove that:

(a) �� is indeed a class function on �H�´1;

(b) �Gp�q § G and H § �Gp�q § NGpHq;

(c) for �� � P G we have �� “
�� ô �´1� P �Gp�q ô ��Gp�q “ ��Gp�q;

(d) if ρ : H ›Ñ GLpV q is a C-representation of H with character χ , then

�ρ : �H�´1
›Ñ GLpV q� � fiÑ ρp�´1��q

is C-representation of �H�´1 with character �χ and �χp1q “ χp1q;

(e) if J § H then �
p� Ó

H
J q “ p

��qÓ
�H�´1

�J�´1 .

Lemma 20.3

(a) If H § G, �� ψ P ��pHq and � P G, then x
��� �ψy�H�´1 “ x�� ψyH .

(b) If N E G and � P G, then we have ψ P IrrpNq ô
�ψ P IrrpNq.

(c) If N E G and ψ is a character of N , then pψ Ò
G
NqÓ

G
N“ |�Gpψq : N|

∞
�PrG{�Gpψqs

�ψ.

Proof : (a) Clearly

x
��� �ψy�H�´1 “

1
|�H�´1|

ÿ

�P�H�´1

��p�q �ψp�q

“
1

|H|

ÿ

�P�H�´1

�p�´1��qψp�´1��q

� :“ �´1��
“

1
|H|

ÿ

�PH
�p�qψp�q “ x�� ψyH �
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(b) As N E G, �N�´1
“ N . Thus, if ψ P IrrpNq, then on the one hand �ψ is also a character of

N by Exercise 20.2(d), and on the other hand it follows from (a) that x
�ψ� �ψyN “ xψ� ψyN “ 1.

Hence �ψ is an irreducible character of N . Therefore, if �ψ P IrrpNq, then ψ “
�´1

p
�ψq P IrrpNq,

as required.
(c) If � P N then so does �´1�� @ � P G, hence

ψ Ò
G
NÓ

G
N p�q “ ψ Ò

G
N p�q “

1
|N|

ÿ

�PG
ψp�´1��q “

1
|N|

ÿ

�PG

�ψp�q “
|�Gpψq|

|N|

ÿ

�PrG{�Gpψqs

�ψp�q�

Notation 20.4

Given N E G and ψ P IrrpNq, we set IrrpG | ψq :“ tχ P IrrpGq | xχ Ó
G
N � ψyN ‰ 0u.

Theorem 20.5 (C������� T�����)

Let N E G. Let χ P IrrpGq, ψ P IrrpNq and set � :“ �Gpψq. Then the following assertions hold.

(a) If ψ is a constituent of χ Ó
G
N , then

χ Ó
G
N“ �

ÿ

�PrG{�Gpψqs

�ψ �

where � “ xχ Ó
G
N � ψyN “ xχ� ψ Ò

G
NyG P Z°0 is called the ramification index of χ in N (or of

ψ in G). In particular, all the constituents of χ Ó
G
N have the same degree.

(b) Induction from � “ �Gpψq to G induces a bijection

IndG
� : Irrp� | ψq ›Ñ IrrpG | ψq

η fiÑ ηÒ
G
�

preserving ramification indices, i.e. xηÓ
�
N � ψyN “ xηÒ

G
�Ó

�
N � ψyN “ �.

Proof :

(a) By Frobenius reciprocity, xχ� ψ Ò
G
NyG “ xχ Ó

G
N � ψyN ‰ 0. Thus χ is a constituent of ψ Ò

G
N and

therefore χ Ó
G
N is a constituent of ψ Ò

G
NÓ

G
N .

Now, if η P IrrpNq is an arbitrary constituent of χ Ó
G
N (i.e. xχ Ó

G
N � ηyN ‰ 0) then by the above, we

have
xψ Ò

G
NÓ

G
N � ηyN • xχ Ó

G
N � ηyN ° 0 �

Moroever, by Lemma 20.3(c) the constituents of ψ Ò
G
NÓ

G
N are preciely t

�ψ | � P rG{�Gpψqsu. Hence
η is G-conjugate to ψ. Furthermore, for every � P G we have

xχ Ó
G
N � �ψyN “

1
|N|

ÿ

�PN
χp�q

�ψp�´1
q “

1
|N|

ÿ

�PN
χp�qψp�´1�´1�q

χP��pGq
“

1
|N|

ÿ

�PN
χp�´1��qψp�´1�´1�q

�:“�´1��PN
“

1
|N|

ÿ

�PN
χp�qψp�´1

q “ xχ Ó
G
N � ψyN “ � �

Therefore, every G-conjugate �ψ (� P rG{�Gpψqs) of ψ occurs as a constituent of χ Ó
G
N with the

same multiplicity �. The claim about the degrees is then clear as �ψp1q “ ψp1q @� P G.
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(b) Claim 1: η P Irrp� | ψq ñ ηÒ
G
� P IrrpG|ψq.

Since � “ ��pψq, (a) implies that ηÓ
�
N“ �1ψ with �1

“ xηÓ
�
N � ψyN “

ηp1q
ψp1q ° 0. Now, let χ P IrrpGq

be a constituent of ηÒ
G
� . By Frobenius Reciprocity we have

0 ‰ xχ� ηÒ
G
� yG “ xχ Ó

G
� � ηy� �

It follows that ηÓ
�
N is a constituent of χ Ó

G
�Ó

�
N and

� :“ xχ Ó
G
N � ψyN “ xχ Ó

G
�Ó

�
N � ψyN • xηÓ

�
N � ψyN “ �1

° 0 �

hence χ P IrrpG|ψq. Moreover, by (a) we have � “ xχ Ó
G
N � �ψyN • �1 for each � P G. Therefore,

χp1q“�
ÿ

�PrG{�s

�ψp1q
p�q
“ �|G : � |ψp1q • �1

|G : � |ψp1q “ |G : � |ηp1q “ ηÒ
G
� p1q • χp1q �

Thus � “ �1, ηÒ
G
� “ χ P IrrpGq, and therefore ηÒ

G
� P IrrpG|ψq.

Claim 2: χ P IrrpG | ψq ñ D! η P Irrp� | ψq such that xχ Ó
G
� � ηy� ‰ 0.

Again by (a), as χ P IrrpG | ψq, we have χ Ó
G
N“ �

∞
�PrG{�s

�ψ, where � “ xχ Ó
G
N � ψyN P Z°0.

Therefore, there exists η P Irrp�q such that

xχ Ó
G
� � ηy� ‰ 0 ‰ xηÓ

�
N � ψyN

because χ Ó
G
N“ χ Ó

G
�Ó

�
N , so in particular η P Irrp� | ψq. Hence existence holds and it remains to see

that uniqueness holds. Again by Frobenius reciprocity we have 0 ‰ xχ� η Ò
G
� yG . By Claim 1 this

forces χ “ ηÒ
G
� and ηÓ

�
N“ �ψ, so � is also the ramification index of ψ in � .

Now, write χ Ó
G
� “

∞
λPIrrp�q �λ λ “

∞
λ‰η �λλ ` �ηη with �λ • 0 for each λ P Irrp�q and �η ° 0. It

follows that

p�η ´ 1qηÓ
�
N `

ÿ

λ‰η
�λλÓ

�
N“ χ Ó

G
Nloomoon

“�
∞

�PrG{�s �ψ

´ ηÓ
�
Nloomoon

“�ψ

“ �
ÿ

�PrG{�szr1s

�ψ�

Since ψ does not occur in this sum, but occurs in ηÓ
�
N , the only possibility is �η “ 1 and λ R Irrp� |ψq

for λ ‰ η. Thus η is uniquely determined as the only constituent of χ Ó
G
� in Irrp� | ψq.

Finally, Claims 1 and 2 prove that IndG
� : Irrp� | ψq ›Ñ IrrpG | ψq� η fiÑ η Ò

G
� is well-defined and

bijective, and the proof of Claim 2 shows that the ramification indices are preserved.

Example 13 (Normal subgroups of index 2)

Let N † G be a subgroup of index |G : N| “ 2 (ñ N C G) and let χ P IrrpGq, then either

(1) χ Ó
G
N P IrrpNq, or

(2) χ Ó
G
N“ ψ `

�ψ for a ψ P IrrpNq and a � P GzN .

Indeed, let ψ P IrrpNq be a constituent of χ Ó
G
N . Since |G : N| “ 2, we have �Gpψq P tN� Gu.

Theorem 20.5 yields the following:

¨ If �Gpψq “ N then Irrp�Gpψq | ψq “ tψu and ψ Ò
G
N“ χ , so that � “ 1 and we get χ Ó

G
N“ ψ`

�ψ
for any � P GzN .

¨ If �Gpψq “ G then G{�Gpψq “ t1u, so that

χ Ó
G
N“ �ψ with � “ xχ Ó

G
N � ψyN “ xχ� ψ Ò

G
NyG �
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Moroever, by Lemma 20.3(c),

ψ Ò
G
NÓ

G
N“ |�Gpψq : N|

ÿ

�PG{�Gpψq

�ψ “ 2ψ �

Hence
2ψp1q “ ψ Ò

G
NÓ

G
N p1q • χ Ó

G
N p1q “ χp1q “ �ψp1q ñ � § 2 �

Were � “ 2 then we would have 2ψp1q “ ψ Ò
G
N p1q, hence χ “ ψ Ò

G
N and thus

1 “ xχ� ψ Ò
G
NyG “ xχ Ó

G
N � ψyN “ � “ 2

a contradiction. Whence � “ 1, which implies that χ Ó
G
N P IrrpNq. Moreover, ψ Ò

G
N“ χ ` χ 1 for

some χ 1
P IrrpGq such that χ 1

‰ χ .

The following consequence of Clifford’s theorem due to N. Itô provides us with a generalisation of the
fact that the degrees of the irreducible characters divide the order of the group.

Theorem 20.6 (I��)

Let A § G be an abelian subgroup of G and let χ P IrrpGq. Then the following assertions hold:

(a) χp1q § |G : A|; and

(b) if A E G, then χp1q

ˇ̌
|G : A|.

Proof :

(a) Exercise 27, Sheet 7.
(b) Let ψ P IrrpAq be a constituent of χ Ó

G
A , so that in other words χ P IrrpG | ψq. By Theorem 20.5(b)

there exists η P Irrp�Gpψq | ψq such that χ “ η Ò
G
�Gpψq and η Ó

�Gpψq
A “ �ψ (proof of Claim 2). Now,

as A is abelian, all the irreducible characters of A have degree 1 and for each � P A, ψp�q is an
�p�q-th root of unity. Hence @ � P A we have

|ηp�q| “ |ηÓ
�Gpψq
A p�q| “ |�ψp�q| “ �|ψp�q| “ � ¨ 1 “ � “ ηp1q ñ A Ñ Z pηq �

Therefore, by Remark 17.5, we have

ηp1q

ˇ̌
ˇ |�Gpψq : Z pηq|

ˇ̌
ˇ |�Gpψq : A|

and since χ “ ηÒ
G
�Gpψq it follows that

χp1q “ |G : �Gpψq|ηp1q

ˇ̌
ˇ |G : �Gpψq| ¨ |�Gpψq : A| “ |G : A| �

21 The Theorem of Gallagher

In the context of Clifford theory (Theorem 20.5) we understand that irreducibility of characters is pre-
served by induction from �Gpψq to G. Thus we need to understand induction of characters from N to
�Gpψq, in particular what if G “ �Gpψq. What can be said about IrrpG | ψq?
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Lemma 21.1

Let N E G and let ψ P IrrpNq such that �Gpψq “ G. Then

ψ Ò
G
N“

ÿ

χPIrrpGq
�χ χ

where �χ :“ xχ Ó
G
N � ψyN is the ramification index of χ in N; in particular

ÿ

χPIrrpGq
�2

χ “ |G : N| �

Proof : Write ψ Ò
G
N“

∞
χPIrrpGq �χ χ with suitable �χ “ xχ� ψ Ò

G
NyG . By Frobenius reciprocity, �χ ‰ 0 if and

only if χ P IrrpG | ψq. But by Theorem 20.5: if χ P IrrpG|ψq, then χ Ó
G
N“ �χψ, so that

�χ “ xχ Ó
G
N � ψyN “ xχ� ψ Ò

G
NyG “ �χ �

Therefore,

|G : N|ψp1q “ ψ Ò
G
N p1q “

ÿ

χPIrrpGq
�χ χp1q “

ÿ

χPIrrpGq
�χ χp1q “

ÿ

χPIrrpGq
�2

χ ψp1q “ ψp1q

ÿ

χPIrrpGq
�2

χ

and it follows that |G : N| “
∞

χPIrrpGq �2
χ .

Therefore the multiplicities t�χuχPIrrpGq behave like the irreducible character degrees of the factor group
G{N . This is not a coincidence in many cases.

Definition 21.2 (Extension of a character )

Let N E G and χ P IrrpGq such that ψ :“ χ Ó
G
N is irreducible. Then we say that ψ extends to G,

and χ is an extension of ψ.

Exercise 21.3 (Exercise 28, Sheet 7 )

Let N E G and χ P IrrpGq. Prove that

χ Ó
G
NÒ

G
N“ InfGG{Npχregq ¨ χ �

where χreg is the regular character of G{N .

Theorem 21.4 (G��������)

Let N E G and let χ P IrrpGq such that ψ :“ χ Ó
G
N P IrrpNq. Then

ψ Ò
G
N“

ÿ

λPIrrpG{Nq
λp1q InfGG{Npλq ¨ χ�

where the characters tInfGG{Npλq ¨ χ | λ P IrrpG{Nqu of G are pairwise distinct and irreducible.

Proof : By Exercise 21.3 we have ψ Ò
G
N“ InfGG{Npχregq ¨ χ , where χreg denotes the regular character of G{N .

Recall that by Theorem 10.3, χreg “
∞

λPIrrpG{Nq λp1q λ, so that we have

ψ Ò
G
N“

ÿ

λPIrrpG{Nq
λp1q InfGG{Npλq ¨ χ �
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Now, by Lemma 21.1, we have

|G : N| “

ÿ

χPIrrpGq
�2

χ “ xψ Ò
G
N � ψ Ò

G
NyG “

ÿ

λ�µPIrrpG{Nq
λp1qµp1qxInfGG{Npλq ¨ χ� InfGG{Npµq ¨ χyG

•

ÿ

λPIrrpG{Nq
λp1q

2
“ |G : N| �

Hence equality holds throughout. This proves that

xInfGG{Npλq ¨ χ� InfGG{Npµq ¨ χy “ δλµ�

By Erercise 13.4, InfGG{Npλq ¨χ are characters of G and hence the characters tInfGG{Npλq ¨χ | λ P IrrpG{Nqu

are irreducible and pairwise distinct, as claimed.

Therefore, given ψ P IrrpNq which extends to χ P IrrpGq, we get InfGG{Npλq ¨ χ (λ P IrrpG{Nq) as further
irreducible characters.

Example 14

Let N † G with |G : N| “ 2 (ñ N E G) and let ψ P IrrpNq. We saw:

¨ if �Gpψq “ N then ψ Ò
G
NP IrrpGq;

¨ if �Gpψq “ G then ψ extends to some χ P IrrpGq and ψG
“ χ ` χ 1 with χ 1

P IrrpGqztχu. It
follows that χ 1

“ χ ¨ sign, where sign is the inflation of the sign character of G{N – S2 to G.


