Chapter 6. Induction and Restriction of Characters

In this chapter we present important methods to construct / relate characters of a group, given charac-
ters of subgroups or overgroups. The main idea is that we would like to be able to use the character
tables of groups we know already in order to compute the character tables of subgroups or overgroups
of these groups.

Notation: throughout this chapter, unless otherwise specified, we let:
- G denote a finite group, H < G and N < G.
- K := C be the field of complex numbers;
- rr(G) == {x4, ..., x,} denote the set of pairwise distinct irreducible characters of G;

- G = [g1],..., G = [g,] denote the conjugacy classes of G, where g1,...,g, is a fixed set of
representatives; and

- we use the convention that y;, = 1¢g and g1 = 1€ G.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

19 Induction and Restriction

We aim at inducing and restricting characters from subgroups, resp. overgroups. We start with the
operation of induction, which is a subtle operation to construct a class function on G from a given class
function on a subgroup H < G. We will focus on characters in a second step.

Definition 19.1 (Induced class function)
Let H < G and ¢ € Cl(H) be a class function on H. Then the induction of ¢ from H to G is
Indf(p) =1 91%: G — C
¢ = @M= Sec 9 (X gx),

ply) ifyeH,
0 if y¢ H.

where for y € G, ¢°(y) :=

54
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Remark 19.2

With the notation of Definition 19.1 the function <pTﬁ is again a class function, because for every
g, yegG,
S:

o1 (v 'gy) = |Z<P xyTlgyx) T2 qu =91 (9).
xeG SEG

Moreover, the map Ind§ : CI(H) — CI(G), ¢ — ¢ 1% is C-linear [Exercise 25(d), Sheet 7].

In
str
int

contrast, the operation of restriction is based on the more elementary idea that any map can be re-
icted to a subset of its domain. For class functions / representations / characters we are essentially
erested in restricting these (seen as maps) to subgroups.

Definition 19.3 (Restricted class function)

Let H < G and ¢ € Cl(G) be a class function on G. Then the restriction of ¢ from G to H is

Resfi () = ylfi=¢ly.

This is obviously again a class function on H.

Remark 19.4

Ex

If ¢ is a character of G afforded by the C-representation p : G —> GL(V), then clearly w,‘f, is the
character afforded by the C-representation p|,, : H — GL(V).

ercise 19.5 (Exercise 25, Sheet 7)

Th

Let H < J < G. Prove that:
(@) peCl(H) = (g1, )T/ @15 (transitivity of induction);
(b) Yy eCl(G) = (Lplj YU,= 1§ (transitivity of restriction);
(c) peCl(H)and Y eClU(G) = Y- p1E= (Yl§ @) 15 (Frobenius formula).

eorem 19.6 (Frobenius reciprocity)

Let H < G, let ¢ € CI(H) be a class function on H, and let ¢ € CI(G) be a class function on G.
Then

(P15 W6 = o Y lipy.

Proof: By the definitions of the scalar product and of the induction a direct computation yields:

(@1 de = |G|2<m Z 2,9 (T gx)ulg ™)
geCG geG xeG
G ZZ(p Yxs~'x
sereG
1

where for the third equality we set s := x~'gx and the fourth equality comes from the fact that ¢ is a
class function on G. [ ]
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Corollary 19.7

Let H < G and let y be a character of H of degree n. Then the induced class function XTE; is a
character of G of degree n|G : H|.

Proof: For s € Irr(G) by Frobenius reciprocity we can set

my =506 = OGPl € Zso,

which is an integer because both x and (/| are characters of H. Therefore,

xXth= D, myy
Yelrr(G)
is a non-negative integral linear combination of irreducible characters of G, hence a character of G.
Moreover,
x 1 X Glx(1) =xMIG = H|.
i \HI ZC u
Example 11

(a) The restriction of the trivial character of G from G to H is obviously the trivial character of H.

(b) If H = {1}, then 14, T{G1}= Xreq- Indeed, if g € G then

1{1}T{G1} ( ) |{1}| 261{1} X gX) = 61g|G| Xreg(g)
*e =0 unless g=1

by Corollary 10.2.

(c) Let G = S5, H={(12)), and let ¢ : H — C with ¢(Id) =1, ¢((1 2)) = —1 be the sign
homomorphism on H. By the remark, it is enough to compute (pTﬁ on representatives of the
conjugacy classes of S3, e.g. Id, (1 2) and (12 3):

o1 (1d) = 22<p (1) =3,

XES3

e1h ((123)) = *Z‘P (x (123 =0,

X€S3

18 Z @ (x T (12)x) = ¢°((12) +¢°((13))+¢°((23)) = —14+0+0 = —1.

XES3

Moreover we see from the character table of S3 (Example 5) that <pr,: X, + x3. But we can
also compute with Frobenius reciprocity, that

0 =@ a lin = <P 1h e
and similarly

T={p. i =@ xpe and  1={p, x5l = (e x3)c -
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Example 12 (The character table of the alternating group As)

The conjugacy classes of G = As are
CG={d}, &G=[12)34)],G=[(123)], G4 u C = {5-cycles},

ie. g1 =1d,g2=(12)(34),93=(123)and ge C; = o(g) =5and g~ € C4 but g°, g € G so
that we can choose g4 := (123 45) and g5 := (135 24). This yields:

[Irr(™As)| =5 and |Gi| =1, |G| =15, |G| = 20, |G| = |G5| =12.
We obtain the character table of A5 as follows:

- We know that the trivial character 15 = x; is one of the irreducible characters, hence we
need to determine Irr(As)\{16} = {X2, X3 X4: X5}

- Now, H := A4 < As and we have already computed the character table of A4 in Exercise 14.10
(cf. solution of Exercise 19, Sheet 5). Therefore, inducing the trivial character of As from A4
to As we obtain that

1416 (Id)=1-1G: H| =5 (see Cor. 19.7)
1115 (12)(34) =5-12=1

1115 ((123)) = 1524 =2

1115 (5-cycle) = 75 -0 =0

Now by Frobenius reciprocity

Amtfoxive =Am xa o =1.
——

It follows (check it) that (1 HTg —X1, 1HTE, _X1>G =1, so 1HTE, —x1 s an irreducible charac-
ter, say x4 := 1HT,€, —x1. The values of x4 are given by (4,0,1,=1,=1) on G, &3, G3, G4, G5
respectively.

- Next, as As is a nonabelian simple group As/[As, As] = 1, hence the trivial character is the
unique linear character of A5 and x,(1), x5(1), x5(1) = 3. (You have also proved in Exercise
20, Sheet 5 that simple groups do not have irreducible characters of degree 2.) Then the
degree formula yields

o2 +i3(1)2 + x5(1) = |As| —xq (1)? = x4(1)2 =20 — 116 = 43.

As degrees of characters must divide the group order, it follows from this formula that
Xo(1), x5(1), x5(1) € {3,4,5,6}, but then also that it is not possible to have an irreducible
character of degree 6. From this we easily see that only possibility, up to relabelling, is
X>(1) = x3(1) = 3 and x5(1) = 5. Hence at this stage, we already have the following part of
the character table:
G GG G G G

| Ck| 1 15 20 12 12
[Ce(g)[ |60 4 3 5 5

X T 1 1 1 1
X2 3

X3 3 :

i |4 0 1 -1 -1
X5 5
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- Next, we have that
9cd(2(1), [ G3]) = ged(x3(1), [ G3]) = ged(x5(1), [Cal)
= gcd(x5(1), [Ga]) = ged(x5(1), [G5[) = 1,
so that the corresponding character values must all be zero by Corollary 17.7 and we get:

G G G G G
G| [T 15 20 12 12
ICo(gi)| |60 4 3 5 5

X1 T 1 1 1 1

X2 3 0

X3 3 . 0 .

Xa 4 0 1 —1 —1
X5 5 0 0

- Applying the Orthogonality Relations yields:
1st, 3rd column = x5(g3) = —1 and the scalar product (x;, x5)c = 0 = x5(g2) = 1.

- Finally, to fill out the remaining gaps, we can induce from the cyclic subgroup Z5 :=
{(12345)) < As: choosing the non-trivial irreducible character ¢ of Z5 which was denoted
"X3' in Example 4 gives

P15=(12,0,0+ 3, ¢+ 7Y
where { = exp(27i/5) is a primitive 5-th root of unity. Then we compute that
Wigoxe=1=WiZ6e — W% —xa—x5=(3.-1.0,-¢- ¢~ = &)

and this character must be irreducible, because it is not the sum of 3 copies of the trivial

character. Hence we set x, := ¢ TZ —X4 — X5 and the values of x5 then easily follow from
the 2nd Othogonality Relations:

G G G o G

G| [ 15 20 12 12

[Ca(gi) |60 4 3 5 5

X, |1 11 1 1
N |3 10 - e-p
X3 3.1 0 —¢-¢ -¢-¢

i |4 0 1 1

- |5 1 -1 0 0

Remark 19.8 (Induction of K H-modules)

If you have attended the lecture Commutative Algebra you have studied the tensor product of
modules. In the M.Sc. lecture Representation Theory you will see that induction of modules is
defined through a tensor product, extending the scalars from CH to CG. More precisely, if M is
a KH-module, then the induction of M from H to G is defined to be KG ®kxy M. Moreover, it M
affords the character y, then KG ®xpy M affords the character XTﬁ.




