
Chapter 6. Induction and Restriction of Characters

In this chapter we present important methods to construct / relate characters of a group, given charac-
ters of subgroups or overgroups. The main idea is that we would like to be able to use the character
tables of groups we know already in order to compute the character tables of subgroups or overgroups
of these groups.

Notation: throughout this chapter, unless otherwise specified, we let:

¨ G denote a finite group, H § G and N E G.

¨ K :“ C be the field of complex numbers;

¨ IrrpGq :“ tχ1� � � � � χ�u denote the set of pairwise distinct irreducible characters of G;

¨ C1 “ r�1s� � � � � C� “ r��s denote the conjugacy classes of G, where �1� � � � � �� is a fixed set of
representatives; and

¨ we use the convention that χ1 “ 1G and �1 “ 1 P G.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

19 Induction and Restriction

We aim at inducing and restricting characters from subgroups, resp. overgroups. We start with the
operation of induction, which is a subtle operation to construct a class function on G from a given class
function on a subgroup H § G. We will focus on characters in a second step.

Definition 19.1 (Induced class function)

Let H § G and � P ��pHq be a class function on H . Then the induction of � from H to G is

IndG
Hp�q “: � Ò

G
H : G ›Ñ C

� fiÑ � Ò
G
H :“ 1

|H|
∞

�PG �˝
p�´1��q �

where for � P G, �˝
p�q :“

#
�p�q if � P H�
0 if � R H�
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Remark 19.2

With the notation of Definition 19.1 the function � Ò
G
H is again a class function, because for every

�� � P G,

� Ò
G
H p�´1��q “

1
|H|

ÿ

�PG
�˝

p�´1�´1���q
�:“��

“
1

|H|

ÿ

�PG
�˝

p�´1��q “ � Ò
G
H p�q �

Moreover, the map IndG
H : ��pHq ›Ñ ��pGq� � fiÑ � Ò

G
H is C-linear [Exercise 25(d), Sheet 7].

In contrast, the operation of restriction is based on the more elementary idea that any map can be re-
stricted to a subset of its domain. For class functions / representations / characters we are essentially
interested in restricting these (seen as maps) to subgroups.

Definition 19.3 (Restricted class function)

Let H § G and ψ P ��pGq be a class function on G. Then the restriction of ψ from G to H is

ResG
Hpψq “ ψ Ó

G
H“ ψ|H �

This is obviously again a class function on H .

Remark 19.4

If ψ is a character of G afforded by the C-representation ρ : G ›Ñ GLpV q, then clearly ψ Ó
G
H is the

character afforded by the C-representation ρ|H : H ›Ñ GLpV q.

Exercise 19.5 (Exercise 25, Sheet 7 )

Let H § J § G. Prove that:

(a) � P ��pHq ùñ p� Ò
J
HqÒ

G
J “ � Ò

G
H (transitivity of induction);

(b) ψ P ��pGq ùñ pψ Ó
G
J qÓ

J
H“ ψ Ó

G
H (transitivity of restriction);

(c) � P ��pHq and ψ P ��pGq ùñ ψ ¨ � Ò
G
H“

`
ψ Ó

G
H ¨�

˘
Ò

G
H (Frobenius formula).

Theorem 19.6 (Frobenius reciprocity)

Let H § G, let � P ��pHq be a class function on H , and let ψ P ��pGq be a class function on G.
Then

x� Ò
G
H � ψyG “ x�� ψ Ó

G
HyH �

Proof : By the definitions of the scalar product and of the induction a direct computation yields:

x� Ò
G
H � ψyG “

1
|G|

ÿ

�PG
� Ò

G
H p�qψp�´1

q “
1

|G|

ÿ

�PG

1
|H|

ÿ

�PG
�˝

p�´1��qψp�´1
q

“
1

|G| |H|

ÿ

�PG

ÿ

�PG
�˝

p�qψp��´1�´1
q

“
1

|H|

ÿ

�PG
�˝

p�qψp�´1
q “

1
|H|

ÿ

�PH
�p�´1

qψp�q “ x��ÓG
HyH �

where for the third equality we set � :“ �´1�� and the fourth equality comes from the fact that ψ is a
class function on G.
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Corollary 19.7

Let H § G and let χ be a character of H of degree �. Then the induced class function χ Ò
G
H is a

character of G of degree �|G : H|.

Proof : For ψ P IrrpGq by Frobenius reciprocity we can set

�ψ :“ xχ Ò
G
H � ψyG “ xχ� ψ Ó

G
HyH P Z•0 �

which is an integer because both χ and ψ Ó
G
H are characters of H . Therefore,

χ Ò
G
H“

ÿ

ψPIrrpGq
�ψψ

is a non-negative integral linear combination of irreducible characters of G, hence a character of G.
Moreover,

χ Ò
G
H p1q “

1
|H|

ÿ

�PG
χ˝

p1q “
1

|H|
|G|χp1q “ χp1q|G : H| �

Example 11

(a) The restriction of the trivial character of G from G to H is obviously the trivial character of H .

(b) If H “ t1u, then 1t1u Ò
G
t1u“ χreg . Indeed, if � P G then

1t1u Ò
G
t1u p�q “

1
|t1u|

ÿ

�PG
1

˝
t1up�´1��qloooooomoooooon

“0 unless �“1

“ δ1�|G| “ χregp�q

by Corollary 10.2.

(c) Let G “ S3, H “ xp1 2qy, and let � : H Ñ C with �pIdq “ 1, �pp1 2qq “ ´1 be the sign
homomorphism on H . By the remark, it is enough to compute � Ò

G
H on representatives of the

conjugacy classes of S3, e.g. Id, p1 2q and p1 2 3q:

� Ò
G
H pIdq “

1
2

ÿ

�PS3

�˝
pIdq “ 3 �

� Ò
G
H pp1 2 3qq “

1
2

ÿ

�PS3

�˝
p�´1

p1 2 3q�q “ 0 �

� Ò
G
H pp1 2qq “

1
2

ÿ

�PS3

�˝
p�´1

p1 2q�q “ �˝
pp1 2qq ` �˝

pp1 3qq ` �˝
pp2 3qq “ ´1 ` 0 ` 0 “ ´1 �

Moreover we see from the character table of S3 (Example 5) that �Ò
G
H“ χ2 ` χ3. But we can

also compute with Frobenius reciprocity, that

0 “ x�� χ1 Ó
G
HyH “ x� Ò

G
H � χ1yG

and similarly

1 “ x�� χ2 Ó
G
HyH “ x� Ò

G
H � χ2yG and 1 “ x�� χ3 Ó

G
HyH “ x� Ò

G
H � χ3yG �
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Example 12 (The character table of the alternating group A5)

The conjugacy classes of G “ A5 are

C1 “ tIdu � C2 “ rp1 2qp3 4qs � C3 “ rp1 2 3qs � C4 Y C5 “ t5-cyclesu �

i.e. �1 “ Id� �2 “ p1 2qp3 4q� �3 “ p1 2 3q and � P C4 ñ �p�q “ 5 and �´1
P C4 but �2� �3

P C5 so
that we can choose �4 :“ p1 2 3 4 5q and �5 :“ p1 3 5 2 4q. This yields:

| IrrpA5q| “ 5 and |C1| “ 1� |C2| “ 15� |C3| “ 20� |C4| “ |C5| “ 12 �

We obtain the character table of A5 as follows:
¨ We know that the trivial character 1G “ χ1 is one of the irreducible characters, hence we

need to determine IrrpA5qzt1Gu “ tχ2� χ3� χ4� χ5u.

¨ Now, H :“ A4 § A5 and we have already computed the character table of A4 in Exercise 14.10
(cf. solution of Exercise 19, Sheet 5). Therefore, inducing the trivial character of A4 from A4
to A5 we obtain that

1HÒ
G
H pIdq “ 1 ¨ |G : H| “ 5 (see Cor. 19.7)

1HÒ
G
H

`
p1 2qp3 4q

˘
“

1
12 ¨ 12 “ 1

1HÒ
G
H

`
p1 2 3q

˘
“

1
12 ¨ 24 “ 2

1HÒ
G
H p5-cycleq “

1
12 ¨ 0 “ 0

Now by Frobenius reciprocity

x1HÒ
G
H � χ1yG “ x1H � χ1 Ó

G
Hloomoon

“1H

yH “ 1 �

It follows (check it) that x1HÒ
G
H ´χ1� 1HÒ

G
H ´χ1yG “ 1, so 1HÒ

G
H ´χ1 is an irreducible charac-

ter, say χ4 :“ 1HÒ
G
H ´χ1. The values of χ4 are given by p4� 0� 1� ´1� ´1q on C1� C2� C3� C4� C5

respectively.

¨ Next, as A5 is a nonabelian simple group A5{rA5� A5s “ 1, hence the trivial character is the
unique linear character of A5 and χ2p1q� χ3p1q� χ5p1q • 3. (You have also proved in Exercise
20, Sheet 5 that simple groups do not have irreducible characters of degree 2.) Then the
degree formula yields

χ2p1q
2

` χ3p1q
2

` χ5p1q
2

“ |A5| ´ χ1p1q
2

´ χ4p1q
2

“ 20 ´ 1 ´ 16 “ 43 �

As degrees of characters must divide the group order, it follows from this formula that
χ2p1q� χ3p1q� χ5p1q P t3� 4� 5� 6u, but then also that it is not possible to have an irreducible
character of degree 6. From this we easily see that only possibility, up to relabelling, is
χ2p1q “ χ3p1q “ 3 and χ5p1q “ 5. Hence at this stage, we already have the following part of
the character table:

C1 C2 C3 C4 C5
|C� | 1 15 20 12 12

|CGp��q| 60 4 3 5 5
χ1 1 1 1 1 1
χ2 3 � � � �
χ3 3 � � � �
χ4 4 0 1 ´1 ´1
χ5 5 � � � �
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¨ Next, we have that

gcdpχ2p1q� |C3|q “ gcdpχ3p1q� |C3|q “ gcdpχ5p1q� |C4|q

“ gcdpχ5p1q� |C4|q “ gcdpχ5p1q� |C5|q “ 1 �

so that the corresponding character values must all be zero by Corollary 17.7 and we get:

C1 C2 C3 C4 C5
|C� | 1 15 20 12 12

|CGp��q| 60 4 3 5 5
χ1 1 1 1 1 1
χ2 3 � 0 � �
χ3 3 � 0 � �
χ4 4 0 1 ´1 ´1
χ5 5 � � 0 0

¨ Applying the Orthogonality Relations yields:
1st, 3rd column ñ χ5p�3q “ ´1 and the scalar product xχ1� χ5yG “ 0 ñ χ5p�2q “ 1.

¨ Finally, to fill out the remaining gaps, we can induce from the cyclic subgroup Z5 :“
xp1 2 3 4 5qy § A5: choosing the non-trivial irreducible character ψ of Z5 which was denoted
"χ3" in Example 4 gives

ψ Ò
G
Z5“ p12� 0� 0� ζ2

` ζ3� ζ ` ζ4
q

where ζ “ expp2πi{5q is a primitive 5-th root of unity. Then we compute that

xψ Ò
G
Z5 � χ4yG “ 1 “ xψ Ò

G
Z5 � χ5yG ùñ ψ Ò

G
Z5 ´χ4 ´ χ5 “ p3� ´1� 0� ´ζ ´ ζ4� ´ζ2

´ ζ3
q

and this character must be irreducible, because it is not the sum of 3 copies of the trivial
character. Hence we set χ2 :“ ψ Ò

G
Z5

´χ4 ´ χ5 and the values of χ3 then easily follow from
the 2nd Othogonality Relations:

C1 C2 C3 C4 C5
|C� | 1 15 20 12 12

|CGp��q| 60 4 3 5 5
χ1 1 1 1 1 1
χ2 3 ´1 0 ´ζ ´ ζ4

´ζ2
´ ζ3

χ3 3 ´1 0 ´ζ2
´ ζ3

´ζ ´ ζ4

χ4 4 0 1 ´1 ´1
χ5 5 1 ´1 0 0

Remark 19.8 (Induction of KH-modules)

If you have attended the lecture Commutative Algebra you have studied the tensor product of
modules. In the M.Sc. lecture Representation Theory you will see that induction of modules is
defined through a tensor product, extending the scalars from CH to CG. More precisely, if M is
a KH-module, then the induction of M from H to G is defined to be KG bKH M . Moreover, if M
affords the character χ , then KG bKH M affords the character χ Ò

G
H .


