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Exercise 8.2 (Exercise 11, Sheet 3)

Find a C-basis of ��pGq and deduce that dimC ��pGq “ |CpGq|.

Proposition 8.3

The binary operation

x � yG : �pG� Cq ˆ �pG� Cq ›Ñ C
p�1� �2q fiÑ x�1� �2yG :“ 1

|G|
∞

�PG �1p�q�2p�q

is a scalar product on �pG� Cq.

Proof : It is straightforward to check that x � yG is sesquilinear and Hermitian (Exercise 11, Sheet 3); it is
positive definite because for every � P �pG� Cq,

x� � �y “
1

|G|

ÿ

�PG
�p�q�p�q “

1
|G|

ÿ

�PG
|�p�q|

2
loomoon

PR•0

• 0

and moreover x� � �y “ 0 if and only if � “ 0.

Remark 8.4

Obviously, the scalar product x � yG restricts to a scalar product on ��pGq. Moreover, if �2 is a
character of G, then by Property 7.4(d) we can write

x�1� �2yG “
1

|G|

ÿ

�PG
�1p�q�2p�q “

1
|G|

ÿ

�PG
�1p�q�2p�´1

q �

The next theorem is the third key result of this lecture. It tells us that the irreducible characters of a
finite group form an orthonormal system in ��pGq with respect to the scalar product x � yG .

Theorem 8.5 (1st Orthogonality Relations)

If ρV : G ›Ñ GLpV q and ρW : G ›Ñ GLpW q are two irreducible C-representations with characters
χV and χW respectively, then

xχV � χW yG “
1

|G|

ÿ

�PG
χV p�qχW p�´1

q “

#
1 if ρV „ ρW �
0 if ρV ⇢ ρW �

Proof : Choose ordered C-bases E :“ p�1� � � � � ��q and F :“ p�1� � � � � ��q of V and W respectively. Then for
each � P G write Qp�q :“

`
ρV p�q

˘
E and Pp�q :“

`
ρW p�q

˘
F .

If ρV ⇢ ρW compute

xχV � χW yG “
1

|G|

ÿ

�PG
χV p�qχW p�´1

q “
1

|G|

ÿ

�PG
Tr

`
Qp�q

˘
Tr

`
Pp�´1

q
˘

“
1

|G|

ÿ

�PG

` �ÿ

�“1
Qp�q��

˘` �ÿ

�“1
Pp�´1

q��
˘

“

�ÿ

�“1

�ÿ

�“1

1
|G|

ÿ

�PG
Qp�q��Pp�´1

q��

looooooooooooomooooooooooooon
“0 by (a) of Schur’s Relations

“ 0



Skript zur Vorlesung: Charaktertheorie SS 2020 28

and similarly if W “ V , then P “ Q and

xχV � χV yG “

�ÿ

�“1

�ÿ

�“1

1
|G|

ÿ

�PG
Qp�q��Qp�´1

q��

looooooooooooomooooooooooooon
“ 1

� δ�� δ�� by (b) of Schur’s Relations

“

�ÿ

�“1

1
� “ 1 �

9 Consequences of the 1st Orthogonality Relations

In this section we use the 1st Orthogonality Relations in order to deduce a series of fundamental
properties of the (irreducible) characters of finite groups.

Corollary 9.1 (Linear independence)

The irreducible characters of G are C-linearly independent.

Proof : Assume
∞�

�“1 λ�χ� “ 0, where χ1� � � � � χ� are pairwise distinct irreducible characters of G, λ1� � � � � λ� P

C and � P Z°0. Then the 1st Orthogonality Relations yield

0 “ x

�ÿ

�“1
λ�χ�� χ�yG “

�ÿ

�“1
λ� xχ�� χ�yGlooomooon

“δ��

“ λ�

for each 1 § � § �. The claim follows.

Corollary 9.2 (Finiteness)

There are at most |CpGq| irreducible characters of G. In particular, there are only a finite number
of them.

Proof : By Corollary 9.1 the irreducible characters of G are C-linearly independent. By Lemma 7.7 irrre-
ducible characters are elements of the C-vector space ��pGq. Therefore there exists at most dimC ��pGq “

|CpGq| † 8 of them.

Corollary 9.3 (Multiplicities)

Let ρV : G ›Ñ GLpV q be a C-representation and let ρV “ ρV1
‘ ¨ ¨ ¨ ‘ ρV�

be a decomposition of
ρV into irreducible subrepresentations. Then the following assertions hold.

(a) If ρW : G ›Ñ GLpW q is an irreducible C-representation of G, then the multiplicity of ρW in
ρV1

‘ ¨ ¨ ¨ ‘ ρV�
is equal to xχV � χW yG .

(b) This multiplicity is independent of the choice of the chosen decomposition of ρV into irre-
ducible subrepresentations.

Proof : (a) We may assume that we have chosen the labelling such that

ρV “ ρV1
‘ ¨ ¨ ¨ ‘ ρV�

‘ ρV�`1
‘ ¨ ¨ ¨ ‘ ρV�

�
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where ρV�
„ ρW @ 1 § � § � and ρV�

⇢ ρW @ � ` 1 § � § �. Thus χV�
“ χW @ 1 § � § � by

Lemma 7.3. Therefore the 1st Orthogonality Relations yield

xχV � χW yG “

�ÿ

�“1
xχV�

� χW yG `

�ÿ

�“�`1
xχV�

� χW yG “

�ÿ

�“1
xχW � χW yGlooooomooooon

“1

`

�ÿ

�“�`1
xχV�

� χW yGlooooomooooon
“0

“ � �

(b) Obvious, since xχV � χW yG depends only on V and W , but not on the chosen decomposition.

We can now prove that the converse of Lemma 7.3 holds.

Corollary 9.4 (Equality of characters)

Let ρV : G ›Ñ GLpV q and ρW : G ›Ñ GLpW q be C-representations with characters χV and χW
respectively. Then:

χV “ χW ô ρV „ ρW �

Proof : “”: The sufficient condition is the statement of Lemma 7.3.
“ñ”: To prove the necessary condition decompose ρV and ρW into direct sums of irreducible subrepre-

sentations
ρV “ ρV1�1

‘ ¨ ¨ ¨ ‘ ρV1��1loooooooooomoooooooooon
all „ρV1

‘ ¨ ¨ ¨ ‘ ρV��1
‘ ¨ ¨ ¨ ‘ ρV����loooooooooomoooooooooon

all „ρV�

�

ρW “ ρW1�1
‘ ¨ ¨ ¨ ‘ ρW1��1loooooooooomoooooooooon

all „ρV1

‘ ¨ ¨ ¨ ‘ ρW��1
‘ ¨ ¨ ¨ ‘ ρW����loooooooooomoooooooooon

all „ρV�

�

where ��� �� • 0 for all 1 § � § � and the ρV�
’s are pairwise non-equivalent irreducible C-

representations of G. (Some of the ��� ��’s may be zero!) Now, as we assume that χV “ χW , for
each 1 § � § � Corollary 9.3 yields

�� “ xχV � χV�
yG “ xχW � χV�

yG “ �� �

hence ρV „ ρW .

Corollary 9.5 (Irreducibility criterion)

A C-representation ρV : G ›Ñ GLpV q is irreducible if and only if xχV � χV yG “ 1.

Proof : “ñ”: holds by the 1st Orthogonality Relations.
“”: As in the previous proof, write

ρV “ ρV1�1
‘ ¨ ¨ ¨ ‘ ρV1��1loooooooooomoooooooooon

all „ρV1

‘ ¨ ¨ ¨ ‘ ρV��1
‘ ¨ ¨ ¨ ‘ ρV����loooooooooomoooooooooon

all „ρV�

�

where �� • 1 for all 1 § � § � and the ρV�
’s are pairwise non-equivalent irreducible C-

representations of G. Then, using the assumption, the sesquilinearity of the scalar product and the
1st Orthogonality Relations, we obtain that

1 “ xχV � χV yG “

�ÿ

�“1
�2

� xχV�
� χV�

yGloooomoooon
“1

“

�ÿ

�“1
�2

� �

Hence, w.l.o.g. we may assume that �1 “ 1 and �� “ 0 @ 2 § � § �, so that ρV “ ρV1
is irreducible.
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Theorem 9.6

The set IrrpGq is an orthonormal C-basis (w.r.t. x � yG) of the C-vector space ��pGq of class functions
on G.

Proof : We already know that IrrpGq is a C-linearly independent set and also that it forms an orthonormal
system of ��pGq w.r.t. x � yG . Hence it remains to prove that IrrpGq generates ��pGq. So let X :“ xIrrpGqyC
be the C-subspace of ��pGq generated by IrrpGq. It follows that

��pGq “ X ‘ X K

where X K denotes the orthogonal of X with respect to the scalar product x � yG (see GDM). Thus it is
enough to prove that X K

“ 0. So let � P X K, set �̆ :“
∞

�PG �p�q� P CG and we prove the following
assertions:

(1) �̆ P Z pCGq (the centre of CG): let � P G and compute

��̆�´1
“

ÿ

�PG
�p�q�� ¨ �´1 � :“ ���´1

“

ÿ

�PG
�p�´1��qloooomoooon

“�p�q

� “

ÿ

�PG
�p�q� “ �̆ �

Hence ��̆ “ �̆� and this equality extends by C-linearity to the whole of CG, so that �̆ P Z pCGq.

(2) If V is a simple CG-module with character χV , then the external multiplication by �̆ on V is scalar
multiplication by |G|

dimC V xχV � �yG P C: first notice that the external multiplication by �̆ on V , i.e. the map

�̆ ¨ ´ : V ›Ñ V � � fiÑ �̆ ¨ �

is CG-linear. Indeed, for each � P CG and each � P V we have

�̆ ¨ p� ¨ �q “ p�̆ �q ¨ � “ p��̆q ¨ � “ � ¨ p�̆ ¨ �q

because �̆ P Z pCGq. Therefore, by Schur’s Lemma, there exists a scalar λ P C such that �̆ ¨ ´ “ λ IdV .
Moreover,

λ “
1
� Trpλ IdV q “

1
� Trp�̆ ¨ ´q “

1
�

ÿ

�PG
�p�q Tr

`
mult. by � on V

˘
loooooooooooomoooooooooooon

“χV p�q

“
1
�

ÿ

�PG
�p�qχV p�q “

|G|

� xχV � �yG �

(3) If V is a simple CG-module with character χV , then the external multiplication by �̆ on V is zero:
indeed, xχV � �yG “ 0 because � P X K and the claim follows from (2).

(4) � “ 0: indeed, as the external multiplication by �̆ is zero on every simple CG-module, it is zero on
every CG-module, because any CG-module can be decomposed as the direct sum of simple submodules
by the Corollary to Maschke’s Theorem. In particular, the external multiplication by �̆ is zero on CG.
Hence

0 “ �̆ ¨ 1CG “ �̆ “

ÿ

�PG
�p�q�

and we obtain that �p�q “ 0 for each � P G because G is a C-basis of CG. But then �p�q “ 0 for each
� P G and it follows that � “ 0.
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Corollary 9.7

The number of pairwise non-equivalent irreducible characters of G is equal to the number of con-
jugacy classes of G. In other words,

| IrrpGq| “ |CpGq| �

Proof : By Theorem 9.6 the set IrrpGq is a C-basis of the space ��pGq of class functions on G. Hence

| IrrpGq| “ dimC ��pGq “ |CpGq|

where the second equality holds by Exercise 8.2.

Corollary 9.8

Let � P ��pGq. Then the following assertions hold:

(a) � “
∞

χPIrrpGqx� � χyG χ ;

(b) x� � �yG “
∞

χPIrrpGqx� � χy
2
G ;

(c) � is a character ñ x� � χyG P Z•0 @ χ P IrrpGq; and

(d) � P IrrpGq ñ � is a character and x� � �yG “ 1.

Proof : (a)+(b) hold for any orthonormal basis with respect to a given scalar product (GDM).

(c) ’ñ’: If � is a character, then by Corollary 9.3 the complex number x� � χ�yG is the multiplicity of χ�
as a constituent of � , hence a non-negative integer.

’’: If for each χ P IrrpGq, x� � χyG “: �χ P Z•0, then � is the character of the representation

ρ :“
à

χPIrrpGq

�χà

�“1
ρpχq

where ρpχq is a C-representation affording the character χ .
(d) The necessary condition is given by the 1st Orthogonality Relations. The sufficient condition follows

from (b) and (c).

Exercise 9.9 (Exercise 12, Sheet 3)

Let V be a CG-module (finite dimensional) with character χV . Consider the C-subspace V G :“
t� P V | � ¨ � “ � @ � P Gu. Prove that

dimC V G
“

1
|G|

ÿ

�PG
χV p�q

1. considering the scalar product of χV with the trivial character 1G ;

2. seeing V G as the image of the projector π : V ⇣ V � � fiÑ
1

|G|
∞

�PG � ¨ � .
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10 The Regular Character

Recall from Example 1(d) that a finite G-set X induces a permutation representation
ρX : G ›Ñ GLpV q

� fiÑ ρX p�q : V ›Ñ V � �� fiÑ ��¨�

where V is a C-vector space with basis t�� | � P Xu (i.e. indexed by the set X ). Given � P G write
FixX p�q :“ t� P X | � ¨ � “ �u for the set of fixed points of � on X .

Proposition 10.1 (Character of a permutation representation)

Let X be a G-set and let χX denote the character of the associated permutation representation ρX .
Then

χX p�q “ | FixX p�q| @ � P G �

Proof : Let � P G. The diagonal entries of the matrix of ρX p�q expressed in the basis B :“ t�� | � P Xu are:
´`

ρX p�q
˘

B

¯

��
“

#
1 if � ¨ � “ �
0 if � ¨ � ‰ �

@ � P X �

Hence taking traces, we get χX p�q “
∞

�PX

´`
ρX p�q

˘
B

¯

��
“ | FixX p�q|.

For the action of G on itself by left multiplication, by Example 1(d), ρX “ ρreg is the regular represen-
tation of G. In this case, we obtain the values of the regular character.

Corollary 10.2 (The regular character )

Let χreg denote the character of the regular representation ρreg of G. Then

χregp�q “

#
|G| if � “ 1G �
0 otherwise�

Proof : This follows immediately from Proposition 10.1 since FixGp1Gq “ G and FixGp�q “ H for every
� P Gzt1Gu.

Theorem 10.3 (Decomposition of the regular representation)

The multiplicity of an irreducible C-representation of G as a constituent of ρreg equals its degree.
In other words,

χreg “

ÿ

χPIrrpGq
χp1qχ �

Proof : By Corollary 9.3 we have χreg “
∞

χPIrrpGqxχreg� χyG χ , where for each χ P IrrpGq,

xχreg� χyG “
1

|G|

ÿ

�PG
χregp�qloomoon
“δ1�|G|

by Cor. 10.2

χp�q “
|G|

|G|
χp1q “ χp1q �

The claim follows.
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Remark 10.4

In particular, the theorem tells us that each irreducible C-representation (considered up to equiv-
alence) occurs with multiplicity at least one in a decomposition of the regular representation into
irreducible subrepresentations.

Corollary 10.5 (Degree formula)

The order of the group G is given in terms of its irreducible character by the formula

|G| “

ÿ

χPIrrpGq
χp1q

2 �

Proof : Evaluating the regular character at 1 P G yields

|G| “ χregp1q “

ÿ

χPIrrpGq
χp1qχp1q “

ÿ

χPIrrpGq
χp1q

2 �

Exercise 10.6 (Exercise 13(b), Sheet 4)

Use the degree formula to give a second proof of Proposition 6.1. In other words, prove that if G is
a finite abelian group, then

IrrpGq “ tlinear characters of Gu �


