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Exercise 8.2 (Exercise 11, Sheet 3)
Find a C-basis of CI/(G) and deduce that dimc Cl(G) = |C(G)|.

Proposition 8.3

The binary operation

(et F(GC)xF(GC) — C L
(f,12) = (b h)e = i Dgec F1(9)F(9)

is a scalar product on F(G,C).

Proof: It is straightforward to check that {, ). is sesquilinear and Hermitian (Exercise 11, Sheet 3); it is
positive definite because for every f € F(G,C),

1) = g7 3, 9G] \6\2"

geCG geCG

20

and moreover {f,f) =0 if and only if f = 0. |

Remark 8.4

Obviously, the scalar product , ). restricts to a scalar product on CI(G). Moreover, if f; is a
character of G, then by Property 7.4(d) we can write

geCG geCG

The next theorem is the third key result of this lecture. It tells us that the irreducible characters of a
finite group form an orthonormal system in CI(G) with respect to the scalar product (, ).

Theorem 8.5 (1st Orthogonality Relations)

If p,, : G — GL(V) and p,;, : G — GL(W) are two irreducible C-representations with characters
Xy and x,, respectively, then

v Xwoe = X ) = .
vrAwsG |G|Z vt 0 if py % py-

geC

Proof: Choose ordered C-bases E := (eq, ..., e,)and F:=(f,..., fm) of V and W respectively. Then for

each g € G write Q(g) := (p,(g)), and P(g) :=
If p, # py compute

Oty Xwde = |10| S xv(@w(s™) = g 00 T (P(o ™)

geCG gelG

" 1
= Z Z ﬁ Q(g)uP(g_1),, =0
i=1j=1 geG
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and similarly if W =V, then P = Q and

n

Gxie =2 16 0@ )y = Y5 =1

i=1j=1 geG i=1

~~

:%6(-,-6(-,- by (b) of Schur’s Relations [ ]

9 Consequences of the 1st Orthogonality Relations

In this section we use the 1st Orthogonality Relations in order to deduce a series of fundamental
properties of the (irreducible) characters of finite groups.

Corollary 9.1 (Linear independence)

The irreducible characters of G are C-linearly independent.

Proof: Assume >.7_; Aix; = 0, where x;, ..., x, are pairwise distinct irreducible characters of G, Ay,..., As €
C and s € Z.y. Then the 1st Orthogonality Relations yield

S S
0= <Z )‘iXi'Xj>C = Z)\i <Xier>G =4
i=1 i=1 —

=0

for each 1 < j <'s. The claim follows. ]

Corollary 9.2 (Finiteness)

There are at most |C(G)| irreducible characters of G. In particular, there are only a finite number
of them.

Proof: By Corollary 9.1 the irreducible characters of G are C-linearly independent. By Lemma 7.7 irrre-
ducible characters are elements of the C-vector space Cl(G). Therefore there exists at most dimc Cl(G) =
|C(G)| < oo of them. |

Corollary 9.3 (Multiplicities)

Let p,, : G — GL(V) be a C-representation and let p,, = py, @@ py, be a decomposition of
py into irreducible subrepresentations. Then the following assertions hold.

(a) If p,y : G —> GL(W) is an irreducible C-representation of G, then the multiplicity of p,, in
py, @@ py, is equal to (xy, xy )¢

(b) This multiplicity is independent of the choice of the chosen decomposition of p,, into irre-
ducible subrepresentations.

Proof: (a) We may assume that we have chosen the labelling such that

Py =Py, D - Dpy,Dpy, D Dpy,

+1
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where p, ~py V1 <i<landp, # py, VI+1<j<s Thus y, = x, V1 <i<lby
i i :
Lemma 7.3. Therefore the 1st Orthogonality Relations yield

[
v Xw)e = Z<X\4'XW>G Z <Xv Xw)e = Z<XW XW>G + Z <Xv xwye = L.

i=1 j=1+1 _ j=1+1 \—W——’
(b) Obvious, since {x\. x> depends only on V and W, but not on the chosen decomposition. ]

We can now prove that the converse of Lemma 7.3 holds.

Corollary 9.4 (Equality of characters)

Let p,, : G — GL(V) and p, : G — GL(W) be C-representations with characters y,, and x,,
respectively. Then:

Xv=Xw <  Pv~™Pw-

Proof: “<=": The sufficient condition is the statement of Lemma 7.3.

“=": To prove the necessary condition decompose p,, and p,, into direct sums of irreducible subrepre-
sentations
p\/:p\/H@'”@p\/th@“'@pV @D - (_pr ,

s,mg
N — [ Sy S ——
all ~pv, all ~pv,

Pw :pW1,1C—B.”@pwtm@...@pWsn@”.@pwﬁps'

all ~pv, all ~py,

where m;,p; = 0 for all 1 < i < s and the pvs are pairwise non-equivalent irreducible C-

representations of G. (Some of the m;, p;'s may be zero!) Now, as we assume that x,, = x,, for
each 1 < i < s Corollary 9.3 yields

mi = <X\/'X\/,.>G = <XWIX\/,->G = Ppi,

hence p, ~ py- |

Corollary 9.5 (Irreducibility criterion)
A C-representation p,, : G — GL(V)) is irreducible if and only if {x,, x,)c = 1.

Proof: “=": holds by the 1st Orthogonality Relations.
“<": As in the previous proof, write

Py =Py, @ Dpy, D Dpy D Dpy,

%,_/

s.mg
%,_z
all ~pv, all ~py,

where m; > 1 for all 1 < i < s and the pvs are pairwise non-equivalent irreducible C-
representations of G. Then, using the assumption, the sesquilinearity of the scalar product and the
1st Orthogonality Relations, we obtain that

S s
1= Xv)e = Z m; Xvi X6 = 2 m?.
i=1 T i=1

Hence, w.lL.o.g. we may assume that my =1Tand m; =0V 2 < i< s, sothatp, = py, is irreducible. W
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Eeorem 9.6

The set Irr(G) is an orthonormal C-basis (w.r.t. {, ).) of the C-vector space CI(G) of class functions
on G.

Proof: We already know that Irr(G) is a C-linearly independent set and also that it forms an orthonormal
system of C{(G) w.rt. {, ). Hence it remains to prove that Irr(G) generates CI(G). So let X := Irr(G))¢
be the C-subspace of C{(G) generated by Irr(G). It follows that

Cl(G) = XX+t

where X1 denotes the orthogonal of X with respect to the scalar product (, ) (see GDM). Thus it is
enough to prove that Xt = 0. So let f € X+, setf := 3]

assertions:

(1) f € Z(CG) (the centre of CG): let h € G and compute

-1 _ NYF o pe . p—1 S=heh !
hfh=" = > F(g)hg - h Z = > f(s)

geCG seG —1i(s) seCG

gec 1(g)g € CG and we prove the following

Hence hf = fh and this equality extends by C-linearity to the whole of CG, so that fe Z(CQG).

(2) If V is a simple CG-module with character x,, then the external multiplication by f on V is scalar

multiplication by d‘u‘n(i‘V<X\/' )¢ € C: first notice that the external multiplication bgf on V, i.e. the map

foe Vs V,vsf.v

is CG-linear. Indeed, for each x € CG and each v € V we have

f-(x-v)=(x)-v=(xFf)-v=x-(f-v)

because f € Z(CG). Therefore, by Schur's Lemma, there exists a scalar A € C such that fo—=Aldy.
Moreover,
1 1 | |
)\:fTr(AIdv)ffTrf -) = 21‘ Tr (mult. by g on V) = Zf = O e
n geC geG
=xv(9)

(3) If V is a simple CG-module with character x,, then the external multiplication by f on V is zero:

indeed, (x,, f)c = 0 because f € X and the claim follows from (2).

(4) f = 0: indeed, as the external multiplication by f is zero on every simple CG-module, it is zero on

every CG-module, because any CG-module can be decomposed as the direct sum of simple submodules
by the Corollary to Maschke's Theorem. In particular, the external multiplication by f is zero on CG.

Hence 5 5
O0=f-lcc=1F= Zf(g)g
gelG

and we obtain that f(g) = 0 for each g € G because G is a C-basis of CG. But then f(g) = 0 for each
g € G and it follows that f = 0. ]
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Corollary 9.7

The number of pairwise non-equivalent irreducible characters of G is equal to the number of con-
jugacy classes of G. In other words,

[1rr(G)] = [C(G)]-

Proof: By Theorem 9.6 the set Irr(G) is a C-basis of the space CI(G) of class functions on G. Hence
|Irr(G)| = dimc CU(G) = |C(G)|

where the second equality holds by Exercise 8.2. |

Corollary 9.8
Let f € CI(G). Then the following assertions hold:

(@) f =2 e X6 X

(b) <f' f>G = erlrr(G)<f'X>2 ,
(c) fis a character <= (f, x)o€Z>0 V x €lrr(G); and
(d) felrr(G) <= fis a character and {f,f), =1.

Proof: (a)+(b) hold for any orthonormal basis with respect to a given scalar product (GDM).

(c) '=": If f is a character, then by Corollary 9.3 the complex number {f, x;> is the multiplicity of ;
as a constituent of f, hence a non-negative integer.

’

<" If for each x € Irr(G), {f, x); =: m, € Z>, then f is the character of the representation

mX
p= P Prkx)
Xx€Elrr(G) j=1

where p(x) is a C-representation affording the character .

(d) The necessary condition is given by the 1st Orthogonality Relations. The sufficient condition follows
from (b) and (c). n

Exercise 9.9 (Exercise 12, Sheet 3)

Let V' be a CG-module (finite dimensional) with character x,,. Consider the C-subspace Ve =
{veV|g-v=vVYge G} Prove that

, 1
dime V¢ = 4] Z xv(9)
gelG
1. considering the scalar product of x|, with the trivial character 1 ;

2. seeing V¢ as the image of the projector w: V — V,v %‘ dec g-v.
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10 The Reqular Character

Recall from Example 1(d) that a finite G-set X induces a permutation representation

px: G — GL(V)
g = pxlg):V—V, e —egy

where V' is a C-vector space with basis {e, | x € X} (i.e. indexed by the set X). Given g € G write
Fixx(g) := {x € X | g - x = x} for the set of fixed points of g on X.

Proposition 10.1 (Character of a permutation representation)

Let X be a G-set and let x, denote the character of the associated permutation representation p.
Then

xx(g9) =|Fixx(g)] VgeG.

Proof: Let g € G. The diagonal entries of the matrix of p,(g) expressed in the basis B := {e, | x € X} are:

1 g-x=x
((px(9))s) = {0 fgoxx VxeX.

Hence taking traces, we get x,(g) = >, cx ((px(g))B)XX = |Fixx(g)|. [ |

For the action of G on itself by left multiplication, by Example 1(d), py = preg is the regular represen-
tation of G. In this case, we obtain the values of the reqular character.

Corollary 10.2 (The regular character)

Let x,q denote the character of the reqular representation preq of G. Then

|G| ig=1¢,
Xreg(g) :{

0 otherwise.

Proof: This follows immediately from Proposition 10.1 since Fixg(1¢) = G and Fixg(g) = & for every
g€ G\{1g}. u

Theorem 10.3 (Decomposition of the reqular representation)

The multiplicity of an irreducible C-representation of G as a constituent of p., equals its degree.
In other words,

Xreg = Z X(1)X

x€elrr(G)

Proof: By Corollary 9.3 we have X,eq = 2. cin(c)Xreq: X X Where for each x € Irr(G),

1 — |G
Oty 206 = 701 ) Hiea(8) X(G) = e (1) = x(1).
Gl & L9 X9 = g
:619‘6‘
by Cor. 10.2

The claim follows. [}
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Remark 10.4

In particular, the theorem tells us that each irreducible C-representation (considered up to equiv-
alence) occurs with multiplicity at least one in a decomposition of the reqular representation into
irreducible subrepresentations.

Corollary 10.5 (Degree formula)

The order of the group G is given in terms of its irreducible character by the formula

Gl= > x(1)*.

Xx€Elrr(G)

Proof: Evaluating the reqular character at 1 € G yields

Gl = Xeg() = > x(x(M) = > x(1)*.

Xx€Elrr(G) Xx€lrr(G) [ ]

Exercise 10.6 (Exercise 13(b), Sheet 4)

Use the degree formula to give a second proof of Proposition 6.1. In other words, prove that if G is
a finite abelian group, then

Irr(G) = {linear characters of G} .




