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Throughout these exercises pG, ¨q denotes a group and K a commutative ring (of course
associative and unital).

Exercise 1

(a) Let M and N be KG-modules. Prove that:

(i) MG is the largest submodule of M on which G acts trivially;

(ii) MG is the largest quotient of M on which G acts trivially;

(iii) HomKpM,NqG “ HomKGpM,Nq;

(iv) pMbK NqG – MbKG N.

(b) Prove that if G is finite, then pKGqG “ x
ř

gPG gyK and if G is infinite, then pKGqG “ 0.

Exercise 2

(a) Prove that there is an isomorphism of abelian groups pIG{pIGq2,`q – pGab, ¨q , where
Gab denotes the abelianisation of G ;

(b) Assume A is a trivial ZG-module. Prove that there are group isomorphisms

(i) H1pG,Aq – IGbZG A – IG{pIGq2 bZG A – IG{pIGq2 bZ A – Gab bZ A ;

(ii) H1pG,Aq – HomZGpIG,Aq – HomZGpIG{pIGq2,Aq
– HomZpIG{pIGq2,Aq – HomZpGab,Aq – HomGrppG,Aq.

Exercise 3
Let A be a KG-module.

(a) Prove that if F is a free ZG-module, then

HomKGpK bZ F,Aq – HomZGpF,Aq .

[Hint: Given a Z-basis X of F, prove that K bZ F is also free and describe a K-basis.]

(b) Prove that Extn
KGpK,Aq – Extn

ZGpZ,Aq for every n ě 0.
[Hint: Given a free resolution of Z as a ZG-module, construct a free resolution of K as a KG-module,
using the “same” bases.]


