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Throughout these exercises R denotes an associative and unital ring.

Exercise 1

(a) Prove that if Ext1
RpM,Nq “ 0, then any s.e.s. 0 ÝÑ N ÝÑ X ÝÑ M ÝÑ 0 of R-modules

splits.

(b) Let P be an R-module. Prove that the following assertions are equivalent:

(i) P is projective;

(ii) Extn
RpP,Nq “ 0 for every n ě 1 and each R-module N; and

(iii) Ext1
RpP,Nq “ 0 for each R-module N.

Exercise 2
Let A be a Z-module and let p be a positive prime number. Prove that:

(a) TorZ
‚ pA,Z{pZq is the homology of the complex 0 ÝÑ A

¨p
ÝÑ A ÝÑ 0;

(b) TorZ
0 pA,Z{pZq – A{pA,

TorZ
1 pA,Z{pZq – Ap :“ ta P A | p ¨ a “ 0u,

TorZ
n pA,Z{pZq “ 0 if n ě 2;

(c) Ext‚ZpZ{pZ,Aq is the cohomology of the complex 0 ÝÑ A
¨p
ÝÑ A ÝÑ 0;

(d) Ext0
ZpZ{pZ,Aq – HomZpZ{pZ,Aq – Ap,

Ext1
ZpZ{pZ,Aq – A{pA,

Extn
ZpZ{pZ,Aq “ 0 if n ě 2.

Exercise 3
Consider the following commutative diagram of R-modules with exact rows:

A1 α //

f
��

A
β //

g
��

A2 // 0

B1 ϕ
// B

ψ
// B2 // 0

Prove that there exists a morphism h P HomRpA2,B2q such that h ˝ β “ ψ ˝ g. Moreover, if
f and g are isomorphisms, then so is h.


